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Abstract—Because of the efficiency of modeling fuzziness and
vagueness, Z-number plays an important role in real practice.
However, Z-numbers, defined in the real number field, lack
the ability to process the quantum information in quantum
environment. It is reasonable to generalize Z-number into its
quantum counterpart. In this paper, we propose quantum Znumbers (QZNs), which are the quantum generalization of Znumbers. In addition, seven basic quantum fuzzy operations
of QZNs and their corresponding quantum circuits are presented and illustrated by numerical examples. Moreover, based
on QZNs, a novel quantum multi-attributes decision making
(MADM) algorithm is proposed and applied in medical diagnosis.
The results show that, with the help of quantum computation, the
proposed algorithm can make diagnoses correctly and efficiently.
Index Terms—Z-numbers, quantum computation, quantum Znumbers, quantum fuzzy operations, quantum multi-attributes
decision making algorithm.

I. I NTRODUCTION
N the last couple of decades, for modeling and handling the
uncertain information in the different environment, many
theories have been developed, such as probability theory [1],
fuzzy set theory [2], [3], evidence theory [4], [5], complex
evidence theory [6], [7], belief structure [8], [9], Z-numbers
[10], and D numbers [11], [12].
For representing and processing vagueness in the real world,
fuzzy set theory, proposed by Zadeh in 1965 [2], attracts
much attentions and is widely used in many field [13]. In
order to better dealing with information in fuzzy environment,
fuzzy set theory is extensively developed, and modifications
of fuzzy sets continuously emerge, e.g., type-2 fuzzy sets
[14], intuitionistic fuzzy sets [15], and Pythagorean fuzzy sets
[16]. However, classical fuzzy set just models the fuzziness of
uncertain information, but does not take the reliability of the
processed information into consideration. Hence, considering
both fuzziness and reliability, Zadeh proposed Z-numbers [10].
Lots of researches further promote the development of Znumbers, such as arithmetic of Z-numbers [17], [18], applied
model of Z-numbers [19], ranking of Z-numbers [20], [21],
and uncertainty measurements of Z-numbers [22], [23]. Based
on these methods, Z-number has been broadly applied in various areas, including approximate reasoning [24], expert system
[25], data fusion [26], medical diagnosis [27], environmental
assessment [28], and decision making [23], [29], [30].
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Blessed with the properties of quantum mechanics such
as quantum entanglement and quantum parallelism, quantum
algorithms have long been known for the speedups of several
problems such as factoring [31] and searching [32]. Recently,
quantum mechanics and quantum computation draw more and
more attentions [33], [34]. Many quantum algorithms emerge
and lots of classical algorithms have been generalized into
their quantum counterparts, such as quantum neural networks
[35], [36], quantum support vector machine [37], quantum
reinforcement learning [38], quantum Parrondo’s games [39]–
[41], and so on [42]–[44].
As for the quantum generalization of fuzzy set theory,
Pykacz proposed quantum fuzzy logic [45], [46] and Mannucci
presented quantum fuzzy sets [47]. In 2016, Reiser extended
intuitionistic fuzzy set into its quantum model [48]. However,
Z-numbers are defined in the real number field [10], which
lack the ability of representing quantum information, so that
the existing algorithm based on Z-numbers cannot be applied
in quantum computation. Hence, it is reasonable to extend Znumbers into Hilbert space and propose the quantum model
of Z-numbers.
In this paper, we propose quantum Z-numbers (QZNs),
which are the quantum generalization of classical Z-numbers.
A QZN consists of two quantum fuzzy sets. The first set is
a quantum fuzzy restriction, and the second set measures the
reliability of the first set. In addition, several basic quantum
fuzzy operations of QZNs and their associated quantum circuits are proposed. Numerical examples are shown to illustrate QZN and its operations. Moreover, we present a novel
quantum multi-attributes decision making (MADM) algorithm
based on QZNs, which is applied in medical diagnosis. The results show that, duo to the advantage of quantum computation,
the proposed algorithm can efficiently dealing with fuzziness
and correctly make diagnoses with low time complexity.
The major contributions of this paper are as follows.
(1) Quantum Z-numbers (QZNs) are proposed, which are the
quantum extension of classical Z-numbers.
(2) Seven quantum fuzzy operations of QZNs are proposed,
which are illustrated by numerical examples.
(3) A new quantum MADM algorithm is designed based on
QZNs, and its advantage of time complexity in big data
scenario is analyzed.
(4) The proposed algorithm is applied in medical diagnosis,
which shows its efficiency of handling fuzziness and the
correctness of make diagnoses with low time complexity.
The rest of this paper is organized as follows. Section II
briefly reviews some preliminaries. Section III proposes the
quantum Z-numbers (QZNs) and the quantum fuzzy operations
of QZNs. Some numerical examples are illustrated in Section
IV. Section V proposes a quantum MADM algorithm based
on QZNs and analyzes the time complexity of the proposed
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algorithm. In Section VI, the proposed algorithm is applied in
medical diagnosis, and the results are analyzed and discussed.
Section VII makes a brief conclusion.

TABLE I: Basic quantum logic gates, circuit symbols, and
their matrix representations
Quantum gate

Circuit symbol

II. P RELIMINARIES

Hadamard gate

H

Several preliminaries are briefly introduced in this section,
including fuzzy sets, Z-numbers, three operations of fuzzy sets,
quantum mechanics and quantum computation, quantum fuzzy
sets and quantum fidelity.

Pauli-X gate

X

Y-Rotation gate

RYθ

Matrix representation
√1
2

1

1
1 −1



[ 01 10 ]
h

cos
sin

θ
2
θ
2

− sin θ2
cos θ2

i

A. Fuzzy sets

1 0 0 0 0 0 0 0

Fuzzy set [2] is an efficient tool for processing fuzziness
in different environment. Researchers have presented a lot
of methods based on fuzzy sets, such as fuzzy distance
[49], fuzzy divergence [50], [51], fuzzy similarity [52], fuzzy
entropy [53], and fuzzy information volume [54].
Let U be a universe of discourse. A fuzzy set A based on
U is a set of pairs defined as [2]:
Definition 2.1: Fuzzy sets

 00 00 10 01 00 00 00 00 
0 0 0 0 1 0 0 0

A = {hx, µ (x)i |x ∈ U }

CCNOT gate

|x1 i
|x2 i
|x3 i

•
•

|y1 i
|y2 i
|y3 i

00000100
00000001
00000010

1 0 0 0 0 0 0 0
01000000

CSWAP gate

|x1 i • |y1 i
|x2 i × |y2 i
|x3 i × |y3 i

 00 00 10 01 00 00 00 00 
0 0 0 0 1 0 0 0
00000010
00000100
00000001

(1)

where µ(x) : U → [0, 1] is the membership function (MF) of
A, describing the membership degree of each element x to the
fuzzy set A.
B. Z-numbers
Given a universe of discourse U , a Z-number is an ordered
pair of fuzzy numbers defined as follows [10]:
Definition 2.2: Z-numbers
Z = (A, B)

01000000

(2)

where the first component A is a fuzzy restriction on the realvalued uncertain variable x ∈ U , and the second component
B is a measure the reliability of component A.
C. Typical operations of fuzzy sets
In this subsection, several operation of fuzzy sets will be
introduced, including fuzzy complements, fuzzy intersections,
and fuzzy unions.
Given x, y, z ∈ [0, 1], fuzzy complements, fuzzy intersections, and fuzzy unions are defined as follows [3]:
Definition 2.3: Fuzzy complements
A fuzzy complement is an operation C : [0, 1] → [0, 1]
which satisfies: (1) C(0) = 1 and C(1) = 0; (2) if x ≤ y,
then C(x) ≥ C(y).
Definition 2.4: Fuzzy intersections (t-norms)
A fuzzy intersection (also called t-norm) is an operation
I : [0, 1]2 → [0, 1] which satisfies: (1) I(x, 1) = x; (2) if
y ≤ z, then I(x, y) ≤ I(x, z); (3) I(x, y) = I(y, x); (4)
I(x, I(y, z)) = I(I(x, y), z).
Definition 2.5: Fuzzy unions (t-conorms)
A fuzzy union (also called t-conorm) is an operation U :
[0, 1]2 → [0, 1] which satisfies: (1) U (x, 0) = x; (2) if
y ≤ z, then U (x, y) ≤ U (x, z); (3) U (x, y) = U (y, x); (4)
U (x, U (y, z)) = U (U (x, y), z).

There are many different kinds of fuzzy complements, fuzzy
intersections, and fuzzy unions. In this paper, the following operations are taken into consideration [3]: classical complement
C(x) = 1 − x, algebraic product I(x, y) = xy, and algebraic
sum U (x, y) = x + y − xy, where x, y ∈ [0, 1].
D. Quantum mechanics and quantum computation
According to [33], quantum mechanics is a mathematical
framework for the development of physical theories. There
are four postulates of quantum mechanics.
Firstly, complex vector space with inner product, namely
Hilbert space denoted as H, is associated to any isolated
physical system, which is known as the state space of the
system. Quantum mechanical system can be fully described by
state vector in Hilbert space. A qubit is the simplest quantum
system, which can be described by superposition state
|ψi = α|0i + β|1i

(3)

where |0i = [1, 0]T and |1i = [0, 1]T (T denotes the
transpose) are the orthonormal basis. α and β are complex
numbers, which satisfy the normalization condition hψ|ψi =
2
2
|α| + |β| = 1.
Secondly, the evolution of a closed quantum system from
state |ψi to |ψ 0 i is described by a unitary transformation
|ψ 0 i = U |ψi

(4)

where U is a unitary operator which satisfies U † U = I. In
quantum computation, every unitary operator has its associated
quantum logic gate, which can be represented by quantum circuit symbol and matrix representation. Several basic quantum
gates that this paper considers are summarize in TABLE I. For
better understanding, let the input be |xi i and the output be
|yi i shown in TABLE I. The truth tables of CCNOT gate and
CSWAP gate are given in TABLE II.
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TABLE II: Truth tables of CCNOT gate and CSWAP gate
CCNOT
|x1 x2 x3 i
|000i
|001i
|010i
|011i
|100i
|101i
|110i
|111i

gate
|y1 y2 y3 i
|000i
|001i
|010i
|011i
|100i
|101i
|111i
|110i

CSWAP
|x1 x2 x3 i
|000i
|001i
|010i
|011i
|100i
|101i
|110i
|111i

gate
|y1 y2 y3 i
|000i
|001i
|010i
|011i
|100i
|110i
|101i
|111i

where tr denotes the trace of square matrix.
If the two states are pure state |ψi and |φi, which means
that their associated density matrices are ρ = |ψihψ| and σ =
|φihφ|, then their corresponding quantum fidelity is F (ρ, σ) =
| hψ|φi |2 .
For measuring the similarity between two quantum states,
Buhrman proposed a quantum computation trick called swap
test, which can calculate the quantum fidelity of two quantum
state [55]. Its quantum circuit is shown as Fig. 1.

Thirdly, quantum measurements are described by a collection of measurement operators. After being acted by a certain
measurement operator Mx , the state of a quantum system |ψi
with the probability
will collapse into state √ Mx †|ψi

chinaXiv:202104.00004v2

hψ|Mx Mx |ψi

p(|xi) = hψ| Mx† Mx |ψi

(5)

where † denotes the conjugate transpose.
Fourthly, if a quantum system is composed by several
subsystems, then the state space of this composite system can
be represented by
N
O

|ψi i = |ψ1 i ⊗ |ψ2 i ⊗ · · · ⊗ |ψN i

(6)

i=1

where ⊗ denotes the tensor product, and |ψi i is the state of
the i-th component subsystem. For convenience, |ψ1 i ⊗ |ψ2 i
can be written as |ψ1 i|ψ2 i or |ψ1 ψ2 i. If the state of a certain
system has the property that |ψi =
6 |xi|yi for all the single
qubit states |xi and |yi, such as √12 (|00i + |11i), then this
special state is called the entangled state.
E. Quantum fuzzy sets
Given a universe of discourse X = {xj |j = 1, 2, ... , N },
classical fuzzy membership functions fi : X → [0, 1] (i =
1, 2, ... , k) defined on X, and ci ∈ C (i = 1, 2, ... , k), a
quantum fuzzy set (QFS) is defined as a linear combination
of N -dimensional quantum state, given by [47]:
Definition 2.6: Quantum fuzzy sets
|si =

k
X

ci |sfi i

(7)

i=1


p
N N p
where |sfi i = j=1
1 − fi (xj ) |0i + fi (xj ) |1i is an
N -dimensional quantum state.
F. Quantum fidelity
In quantum information theory, quantum fidelity is measure
of distance between quantum states [33]. Given two quantum
states represented by density matrices ρ and σ, the quantum
fidelity of these two states is defined as [33]:
Definition 2.7: Quantum fidelity
 q
2
√ √
F (ρ, σ) = tr
ρσ ρ
(8)

Fig. 1: Quantum circuit for implementing quantum fidelity
The input state is |0i|ψi|φi where |0i is the ancillary qubit.
Firstly, the ancillary qubit gets through a Hadamard gate. Then,
three qubits get through a CSWAP gate. If the ancillary qubit
is |1i, CSWAP gate will swap |ψi|φi into |φi|ψi. Next, the
ancillary qubit gets through another Hadamard gate. Finally,
the output state is that
|ψoutput i = (H ⊗ I ⊗ I) (CSW AP ) (H ⊗ I ⊗ I) (|0i|ψi|φi)
1
1
= |0i(|ψi|φi + |φi|ψi) + |1i(|ψi|φi − |φi|ψi)
2
2
(9)
An observation over the ancillary qubit will obtain the outcome
|0i with the probability: p (|0i) = 12 + 12 | hψ|φi |2 where
| hψ|φi |2 is the quantum fidelity of |ψi and |φi.

III. QZN S : Q UANTUM Z- NUMBERS
A. The definition of quantum Z-numbers
Let U be a nonempty subset of the Hilbert space H, which
is called the quantum universe of discourse (QUOD). Given
a quantum states |ϕi ∈ U, quantum Z-numbers (QZNs) are
defined as follows:
Definition 3.1: Quantum Z-numbers
Z Q = (AQ , B Q )

(10)

which consist of two quantum sets:
AQ = { < |ϕi , |ψµA i > | |ϕi ∈ U}
B

Q

= { < |ϕi , |ψµB i > | |ϕi ∈ U}

(11)
(12)

Set AQ is a quantum fuzzy restriction of a certain quantum
state |ϕi ∈ U, and set B Q is a quantum measure of the reliability of AQ , where |ψµA i : U → {|ψi | |ψi ∈ H, hψ|ψi = 1}
and |ψµB i : U → {|ψi | |ψi ∈ H, hψ|ψi = 1} are respectively
the quantum membership function (QMF) of AQ and B Q ,
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defined as the vectors in a two-dimensional complex Hilbert
space:

|ψµA i = αµA (|ϕi) |0i + βµA (|ϕi) |1i QM F of AQ
(13)

Q
|ψµB i = αµB (|ϕi) |0i + βµB (|ϕi) |1i QM F of B
(14)
where αµA (|ϕi) , βµA (|ϕi) , αµB (|ϕi) , βµB (|ϕi) ∈ C are
respectively the probability amplitude of QMF |ψµA i and
|ψµB i for the state |0i and |1i, which are constrained by the
following conditions:
2

2

(15)

2

2

(16)

hψµA |ψµA i = |αµA (|ϕi)| + |βµA (|ϕi)| = 1

chinaXiv:202104.00004v2

hψµB |ψµB i = |αµB (|ϕi)| + |βµB (|ϕi)| = 1

For the convenience of expression, a QZN can be represented as:

Z Q = AQ , B Q = { < |ϕi , |ψµA i , |ψµB i > | |ϕi ∈ U}
(17)
If there is only one element in the QUOD or we just focus
on the QZN of one certain element in the QUOD, the QZN
can be written as:
Z Q =< |ψµA i , |ψµB i >

(18)

(4) Intersection:
Z1Q ∩ Z2Q = { < |ϕi , ψµI A12 , ψµI B12 > |ϕi ∈ U},
where ψµI A12 and ψµI B12 are called the intersection states
of Z1Q and Z2Q , which are defined as:
ψµI A12 , CCN OT ((X ⊗ X ⊗ I) |ψµA1 i |ψµA2 i |1i) (25)
= αµA1 (|ϕi) αµA2 (|ϕi) |110i + αµA1 (|ϕi) βµA2 (|ϕi) |101i
+ βµA1 (|ϕi) αµA2 (|ϕi) |011i + βµA1 (|ϕi) βµA2 (|ϕi) |001i
ψµI B12 , CCN OT ((X ⊗ X ⊗ I) |ψµB1 i |ψµB2 i |1i) (26)
= αµB1 (|ϕi) αµB2 (|ϕi) |110i + αµB1 (|ϕi) βµB2 (|ϕi) |101i
+ βµB1 (|ϕi) αµB2 (|ϕi) |011i + βµB1 (|ϕi) βµB2 (|ϕi) |001i
(5) Union:
Z1Q ∪ Z2Q = { < |ϕi , ψµUA12 , ψµUB12 > |ϕi ∈ U},
where ψµUA12 and ψµUB12 are called the union states of Z1Q
and Z2Q , which are defined as:
ψµUA12 , CCN OT (|ψµA1 i |ψµA2 i |0i)

(27)

= αµA1 (|ϕi) αµA2 (|ϕi) |000i + αµA1 (|ϕi) βµA2 (|ϕi) |010i
+ βµA1 (|ϕi) αµA2 (|ϕi) |100i + βµA1 (|ϕi) βµA2 (|ϕi) |111i
ψµUB12 , CCN OT (|ψµB1 i |ψµB2 i |0i)

(28)

= αµB1 (|ϕi) αµB2 (|ϕi) |000i + αµB1 (|ϕi) βµB2 (|ϕi) |010i
+ βµB1 (|ϕi) αµB2 (|ϕi) |100i + βµB1 (|ϕi) βµB2 (|ϕi) |111i

B. Basic quantum fuzzy operations of QZNs
In this subsection, some basic operations of QZNs are
introduced. Let CCN OT (|xyzi), X(|xi), and RYθ (|xi) respectively denote the CCNOT gate, Pauli-X gate, and YRotation gate in quantum computation. For two QZNs Z1Q
and Z2Q defined on QUOD U, the basic operations of QZNs
are defined as follows:
Definition 3.2: Basic operations of QZNs
(1) Inclusion relation:
Z1Q ⊆ Z2Q if and only if p(|0iµA1 ) ≤ p(|0iµA2 ) and
p(|0iµB1 ) ≤ p(|0iµB2 ), where p(|0iµk ) is probability of
QMF |ψµk i collapsing into state |0i by observation (k ∈
{A1, A2, B1, B2}), which is defined as
p(|0iµA1 ) = hψµA1 | M0† M0 |ψµA1 i = |αµA1 (|ϕi) |2

(19)

p(|0iµA2 ) = hψµA2 | M0† M0 |ψµA2 i
p(|0iµB1 ) = hψµB1 | M0† M0 |ψµB1 i

2

(20)

= |αµB1 (|ϕi) |2

(21)

2

(22)

p(|0iµB2 ) =

hψµB2 | M0† M0

= |αµA2 (|ϕi) |

|ψµB2 i = |αµB2 (|ϕi) |

in which M0 = |0i h0| is the measurement operator, and M0†
means the conjugate transpose of M0 .
(2) Equality:
Z1Q = Z2Q if and only if Z1Q ⊆ Z2Q and Z2Q ⊆ Z1Q .
(3) Complement:
Z Q = {< |ϕi , ψµCA , ψµCB > | |ϕi ∈ U}, where ψµCA
and ψµCB are called the complement states of Z Q , which are
defined as:
ψµCA , X (|ψµA i) = βµA (|ϕi) |0i + αµA (|ϕi) |1i

(23)

ψµCB , X (|ψµB i) = βµB (|ϕi) |0i + αµB (|ϕi) |1i

(24)

(6) Convert Z-number into QZN:
Given a classical Z-number Z = (A, B) with the classical
membership function µA and µB , its corresponding QZN is
defined as: Z Q = { < |ϕi , |ψµA i , |ψµB i > | |ϕi ∈ U}, where
|ψµA i and |ψµB i are the QMF of QZN. By preparing qubit
|0i and passing it through Y-Rotation gate, the QMF of QZN
can be obtained:
p
√
θµ
(29)
|ψµA i , RY A (|0i) = µA |0i + 1 − µA |1i
p
√
θµB
|ψµB i , RY (|0i) = µB |0i + 1 − µB |1i
(30)
√ 
√ 
where θµA = 2 arccos µA and θµB = 2 arccos µB are
generated by the membership function of classical Z-numbers.
(7) Combination of QZN:
The combination of a certain QZN Z Q = (AQ , B Q )
combines AQ and B Q , and yields c-QZN defined as: CZ Q =
{ < |ϕi , |ψµAB i > | |ϕi ∈ U}, where |ψµAB i is called the
combined state of Z Q , which is defined as:
|ψµAB i , CCN OT ((X ⊗ X ⊗ I) |ψµA i |ψµB i |1i)

(31)

= αµA (|ϕi) αµB (|ϕi) |110i + αµA (|ϕi) βµB (|ϕi) |101i
+ βµA (|ϕi) αµB (|ϕi) |011i + βµA (|ϕi) βµB (|ϕi) |001i
For implementing the operations of QZNs in quantum
computation, the quantum circuits of the operations (3) to (7)
are illustrated in Fig. 2.
IV. N UMERICAL EXAMPLES
In this section, some numerical examples are shown to
illustrate QZNs and their operations. After each example,
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√
√
√
Q
√ Let a QZN be Z =< 0.3 |0i + 0.7 |1i , 0.6 |0i +
0.4 |1i >, which is converted by a classical Z-number
Z1 =< 0.3, 0.6 >. Based on the operation (3) of QZN, the
complement state of this QZN can be calculated as:
√
 √
√
√
ψµCA = X
0.3 |0i + 0.7 |1i = 0.7 |0i + 0.3 |1i
(36)
 √
√
√
√
0.6 |0i + 0.4 |1i = 0.4 |0i + 0.6 |1i
ψµCB = X
(37)
And then,
of
√ the complement
√
√ this QZN
√ can be obtained:
Z Q =< 0.7 |0i + 0.3 |1i , 0.4 |0i + 0.6 |1i >.
When an observation is performed over ψµCA and ψµCB ,
they will collapse into state |0i with the probability:

chinaXiv:202104.00004v2

Fig. 2: Quantum circuits of the operations (3) to (7)

we have a brief discussion. In the rest of this section, for
convenience, let k ∈ {A1, A2, B1, B2}.
Example 4.1:
Let two QZNs be
√
√
Z1Q =< 0.3e0.7πi |0i + 0.7e1.5πi |1i ,
√
√
0.6e0.9πi |0i + 0.4e0.3πi |1i >
(32)
√
√
Q
0.6πi
0.2πi
Z2 =< 0.4e
|0i + 0.6e
|1i ,
√
√
0.5πi
0.4πi
0.7e
|0i + 0.3e
|1i >
(33)
According to operation (1) of QZNs, calculate the probability: p(|0iµA1 ) = 0.3, p(|0iµA2 ) = 0.4, p(|0iµB1 ) = 0.6,
p(|0iµB2 ) = 0.7. Because of p(|0iµA1 ) ≤ p(|0iµA2 ) and
p(|0iµB1 ) ≤ p(|0iµB2 ), the inclusion relation of these two
QZNs is Z1Q ⊆ Z2Q .
This example shows that the inclusion relation of QZNs
compares the probability p(|0iµk ) of different QMF |ψµk i
collapsing into state |0i by observation. The larger the magnitude of the probability amplitude |αµk | is, the higher the
corresponding probability p(|0iµk ) is.
Example 4.2:
Let two QZNs be
√
√
Z1Q =< 0.3e0.7πi |0i + 0.7e1.5πi |1i ,
√
√
0.6e0.9πi |0i + 0.4e0.3πi |1i >
(34)
√
√
Q
0.6πi
0.2πi
Z2 =< 0.3e
|0i + 0.7e
|1i ,
√
√
0.5πi
0.4πi
0.6e
|0i + 0.4e
|1i >
(35)
Based on operation (1) of QZNs, it can be calculated
that p(|0iµA1 ) = 0.3, p(|0iµA2 ) = 0.3, p(|0iµB1 ) =
0.6, p(|0iµB2 ) = 0.6. Next, p(|0iµA1 ) ≤ p(|0iµA2 ) and
p(|0iµB1 ) ≤ p(|0iµB2 ), so Z1Q ⊆ Z2Q . Also, Z2Q ⊆ Z1Q
since p(|0iµA2 ) ≤ p(|0iµA1 ) and p(|0iµB2 ) ≤ p(|0iµB1 ). As a
result, according to operation (2) of QZNs, we can draw the
conclusion that Z1Q = Z2Q .
This example shows that the equality of QZNs compares the
probability p(|0iµk ) of different QMF |ψµk i collapsing into
state |0i by observation. If and only if p(|0iµA1 ) = p(|0iµA2 )
and p(|0iµB1 ) = p(|0iµB2 ), two QZNs are equal.
Example 4.3:

p(|0iµA ) = ψµCA M0† M0 ψµCA = 0.7

(38)

p(|0iµB ) = ψµCB M0† M0 ψµCB = 0.4

(39)

where M0 = |0i h0| is the measurement operator. These probabilities can be composed into a classical Z-number Z2 =<
0.7, 0.4 >, which is the complement of Z1 =< 0.3, 0.6 >
based on the fuzzy complement operation [3].
This example shows that the complement of QZN can
be implemented by applying Pauli-X gate. In addition, the
complement of QZN is compatible with the classical complement operation of Z-number. The complement of QZN can
degenerate into classical complement operation of Z-number
by performing an observation of the complement state and
obtaining their probability of collapsing into state |0i.
Example 4.4:
Let two QZNs be
√
√
√
√
Z1Q =< x1 |0i + 1 − x1 |1i , x2 |0i + 1 − x2 |1i >
(40)
p
p
√
√
Q
Z2 =< y1 |0i + 1 − y1 |1i , y2 |0i + 1 − y2 |1i >
(41)
which are converted by two classical Z-numbers Z1 =<
x1 , x2 > and Z2 =< y1 , y2 >. Based on the operation (4)
of QZNs, the intersection states of these two QZNs are that
ψµI A12 =CCN OT ((X ⊗ X ⊗ I) |ψµA1 i |ψµA2 i |1i) (42)
p
√
= x1 y1 |110i + x1 (1 − y1 ) |101i
p
p
+ (1 − x1 ) y1 |011i + (1 − x1 ) (1 − y1 ) |001i
ψµI B12 =CCN OT ((X ⊗ X ⊗ I) |ψµB1 i |ψµB2 i |1i) (43)
p
√
= x2 y2 |110i + x2 (1 − y2 ) |101i
p
p
+ (1 − x2 ) y2 |011i + (1 − x2 ) (1 − y2 ) |001i
Hence, the intersection of Z1Q and Z2Q is that Z1Q ∩ Z2Q =<
ψµI A12 , ψµI B12 >.
By performing an observation over the third qubit, ψµI A12
and ψµI B12 will collapse into state |0i with the probability:
(3)†

I

(3)

ψµI A12 = x1 y1

(44)

(3)†
(3)
M0 M0

ψµI B12 = x2 y2

(45)

p(|0iµA12 ) = ψµI A12 M0
I
p(|0iµB12 )
(3)

= ψµI B12

M0

where M0 = I ⊗ I ⊗ |0i h0| is the measurement operator.
These probabilities can be constructed into a classical Z-
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number Z3 =< x1 y1 , x2 y2 >.
According to the t-norm operation [3], it can be found that
the first component for Z3 , namely x1 y1 , is the t-norm of
the first component for Z1 and Z2 , namely x1 and y1 ; while
the second component for Z3 , namely x2 y2 , is the t-norm of
the second component for Z1 and Z2 , namely x2 and y2 . To
illustrate the intersection of QZNs and t-norm of Z-numbers,
the relationship of x1 , y1 , x1 y1 , and the relationship of x2 ,
y2 , x2 y2 are shown in Fig. 3.
(b)

1

1

1
0.8

0.8

0.6

y2

0.5
0.4

0.4

0.2

0.2

0

0
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0
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0.5
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As a result, the union of Z1Q and Z2Q is that Z1Q ∪ Z2Q =<
ψµUA12 , ψµUB12 >.
After observing over the third qubit, ψµUA12 and ψµUB12
collapse into state |0i with the probability:
ψµUA12

(50)

= x1 y1 + x1 (1 − y1 ) + (1 − x1 )y1 = x1 + y1 − x1 y1
=

ψµUB12

(3)†
(3)
M 0 M0

ψµUB12

0

0

ψµUA12 =CCN OT (|ψµB1 i |ψµB2 i |0i)
(49)
p
√
= x2 y2 |000i + x2 (1 − y2 ) |010i
p
p
+ (1 − x2 ) y2 |100i + (1 − x2 ) (1 − y2 ) |111i

(3)

0.4

0.2

ψµUA12 =CCN OT (|ψµA1 i |ψµA2 i |0i)
(48)
p
√
= x1 y1 |000i + x1 (1 − y1 ) |010i
p
p
+ (1 − x1 ) y1 |100i + (1 − x1 ) (1 − y1 ) |111i

M0

0.6

0.5

1

which are converted by two classical Z-numbers Z1 =<
x1 , x2 > and Z2 =< y1 , y2 >. According to the operation
(5) of QZNs, the union states of these two QZNs are that

U
p(|0iµB12 )

0.6

0.5

0.8

0.4

This example shows that the intersection of QZNs can be
obtain based on CCNOT gate and Pauli-X gate. Next, the
intersection of QZNs is compatible with the classical t-norm
of Z-numbers [3]. The intersection of QZNs can degenerate
into t-norm of Z-numbers by performing an observation over
the third qubit of the intersection states and obtaining their
probabilities of collapsing into state |0i.
Example 4.5:
Let two QZNs be
√
√
√
√
Z1Q =< x1 |0i + 1 − x1 |1i , x2 |0i + 1 − x2 |1i >
(46)
p
p
√
√
Q
Z2 =< y1 |0i + 1 − y1 |1i , y2 |0i + 1 − y2 |1i >
(47)

(3)†

1

0.8

Fig. 3: (a) The relationship of x1 , y1 , x1 y1 ;
(b) The relationship of x2 , y2 , x2 y2 .

U

(b)

1

1

0

0

p(|0iµA12 ) = ψµUA12 M0

(a)

1

0.5

y1

y1

0.6

y2

(a)

1

(3)

where M0 = I ⊗ I ⊗ |0i h0| is the measurement operator.
These probabilities can be composed into a classical Z-number
Z3 =< x1 + y1 − x1 y1 , x2 + y2 − x2 y2 >.
Based on the t-conorm operation [3], it can be found that
the first component for Z3 , namely x1 + y1 − x1 y1 , is the tconorm of the first component for Z1 and Z2 , namely x1 and
y1 ; while the second component for Z3 , namely x2 +y2 −x2 y2 ,
is the t-norm of the second component for Z1 and Z2 , namely
x2 and y2 . To illustrate the union of QZNs and t-conorm of
Z-numbers, the relationship of x1 , y1 , x1 + y1 − x1 y1 , and the
relationship of x2 , y2 , x2 + y2 − x2 y2 are shown in Fig. 4.

(51)

= x2 y2 + x2 (1 − y2 ) + (1 − x2 )y2 = x2 + y2 − x2 y2

0.5
x1

1

0.2

0

0

0

0.5
x2

1

Fig. 4: (a) The relationship of x1 , y1 , x1 + y1 − x1 y1 ;
(b) The relationship of x2 , y2 , x2 + y2 − x2 y2 .
This example shows that the union of QZNs can be obtain
based on CCNOT gate. In addition, the union of QZNs is
compatible with the classical t-conorm of Z-numbers [3]. The
union of QZNs will degenerate into t-norm of Z-numbers
under the condition of an observation over the third qubit of
the union states and obtaining their probabilities of collapsing
into state |0i.
Example 4.6:
Let a classical Z-number be Z =< 0.5, 0.75 >. According
to operation (6) of QZN, we can obtain that:
√  1
θµA = 2arc cos
0.5 = π
(52)
2
 1
√
0.75 = π
θµB = 2arc cos
(53)
3
Based on Y-Rotation gate, we can get the QMF of this Znumber :
√
√
θµ
(54)
|ψµA i = RY A (|0i) = 0.5 |0i + 0.5 |1i
√
√
θµB
|ψµB i = RY (|0i) = 0.75 |0i + 0.25 |1i
(55)
Then the corresponding
√
√ QZN of√this classical
√ Z-number is
that Z Q =< 0.5 |0i + 0.5 |1i , 0.75 |0i + 0.25 |1i >.
This example shows that a classical Z-number can be
converted into QZN by implementing Y-Rotation gate.
Example 4.7:
√
√
√
Q
x |0i + 1 − x |1i , y |0i +
√ Given a QZN Z =<
1 − y |1i > which is converted a classical Z-number Z =<
x, y >, the combined state of this QZN can be calculated by
operation (7) of QZN:
|ψµAB i =CCN OT ((X ⊗ X ⊗ I) |ψµA i |ψµB i |1i) (56)
p
√
= xy |110i + x (1 − y) |101i
p
p
+ (1 − x) y |011i + (1 − x) (1 − y) |001i
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Q
Then the c-QZN
of this QZN is
=<
p
p that CZ
√
xy
|110i
+
x
(1
−
y)
|101i
+
(1
−
x)
y
|011i
+
p
(1 − x) (1 − y) |001i >, which is actually a quantum fuzzy
set (QFS) [47]. It shows that QZN can degenerate into QFS
by applying the combination of QZN.
An observation over the third qubit makes |ψµAB i collapsing into state |0i and |1i with the probability:
(3)†

p(|0iµAB ) = hψµAB | M0
p(|1iµAB ) =

(3)

M0 |ψµAB i = xy

(3)†
(3)
hψµAB | M1 M1

|ψµAB i = 1 − xy

(58)

(3)

where M0 = I ⊗ I ⊗ |0i h0| and M1 = I ⊗ I ⊗ |1i h1| are
the measurement operators.
Because x and y are the first membership function
and the second membership function of Z =< x, y >,
p(|0iµAB ) = xy can be seen as a combination of Z-numbers,
and p(|1iµAB ) = 1 − xy can be seen as a negation of the
combination of Z-numbers. In specific, xy can be interpreted
that x is discounted by y, and 1 − xy is the negation of xy.
To illustrate, the relationship of x, y, xy, and the relationship
of x, y, 1 − xy are shown in Fig. 5.
(a)

1

1

0.8

0.6

0.6

0.5
x

1

0.5

0.4

0.4

0.2

0.2

0

0

1

0.8

0.5

0

(b)

1

y

y
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(3)

(57)

0

0

0

0.5
x

1

Fig. 5: (a) The relationship of x, y, xy;
(b) The relationship of x, y, 1 − xy.
This example shows that the combination of QZN is based
on CCNOT gate and Pauli-X gate. Moreover, the combination
of QZN can degenerate into the combination of Z-number
by observing over the third qubit of the combined state and
obtaining the probabilities of collapsing into state |0i and |1i.
V. QZN- BASED QUANTUM MULTI - ATTRIBUTES DECISION
MAKING ALGORITHM

Making decision among different schemes with multiattributes has attracted many attentions. Researchers have
proposed lots of multi-attributes decision making (MADM)
algorithm based on various methods, such as soft likelihood
functions [56], fuzzy set theory [57], evidence theory [58],
Z-numbers [20], [30], D-numbers [59], distance [23], and
divergence [60]. Because of the significance of the theoretical
and practical use, MADM algorithms have been applied in risk
analysis [61], [62], quality goals evaluation [63], and medical
diagnosis [51], [64].
In this section, we propose a novel quantum MADM algorithm based on QZNs. Next, the time complexity of the
proposed algorithm is analyzed.
A. The proposed QZN-based quantum MADM algorithm
Assume that there are M samples, and each sample has K
attributes. These samples are evaluated by experts or sensors,

which are expressed by classical Z-numbers. Assume that there
exists N references of these samples, each reference contains
K attributes. These references are derived from big data and
statistic, which are also expressed by classical Z-numbers. The
aim is to classify the M samples and match them to the N
references. It should be noted that the number of the attributes
of samples is equal to that of references, while the number of
samples may not be equal to that of references.
Let S denotes the UOD of all the samples, and Sij ∈ S
denotes the i-th sample and its j-th attribute, where i =
1, 2, . . . , M and j = 1, 2, . . . , K. Let R denotes the UOD of
all the references, and Rxy ∈ R denotes the x-th reference and
its y-th attribute, where x = 1, 2, . . . , N and y = 1, 2, . . . , K.
Then, the proposed algorithm proceeds as the following steps.
Step (1): Convert Z-numbers into SZM and RZM.
Input the classical Z-numbers of the samples ZSij and
references ZRij , and convert them into sample Z-numbers
matrix (SZM) and reference Z-numbers matrix (RZM):
h
i
−−→
−−−→ T
−−→ −−→
SZM = Z S 1 Z S 2 · · · Z S i · · · Z S M
(59)
h
iT
−−→ −−→
−−→
−−−→
RZM = Z R1 Z R2 · · · Z Rx · · · Z RN
(60)
in which
−−→
Z Si =
−−→
Z Rx =

ZSi1 , ZSi2 , ... , ZSij , ... , ZSiK



ZRx1 , ZRx2 , ... , ZRxy , ... , ZRxK

(61)


(62)

are respectively the sample Z-numbers vector (SZV) and
the reference Z-numbers vector (RZV), where ZSij =<
µA (Sij ) , µB (Sij ) > and ZRxy =< µA (Rxy ) , µB (Rxy ) >
are respectively the Z-number for the j-th attribute of the i-th
sample, and the Z-number for the y-th attribute of the x-th
reference.
Step (2): Calculate the rotation angles of SZM and RZM.
Calculate the corresponding rotation angles for every element of SZM and RZM, which are defined as:

q
µA (Sij )
(63)
θµA Sij = 2 arccos
q

θµB Sij = 2 arccos
µB (Sij )
(64)
q

θµA Rxy = 2 arccos
µA (Rxy )
(65)
q

θµB Rxy = 2 arccos
µB (Rxy )
(66)
where i ∈ {1, 2, ..., M }, x ∈ {1, 2, ..., N }, and j, y ∈
{1, 2, ..., K}.
Step (3): Calculate the similarity of SZV and RZV based
on quantum fidelity coefficient.
−−→
−−→
For one SZV Z S i and one RZV Z Rx , from step (3-1) to
(3-6), calculate their similarity based on quantum fidelity coefficient Fix , until all Fix are calculated, where i ∈ {1, 2, ..., M }
and x ∈ {1, 2, ..., N }.
Step (3-1): Prepare quantum ground state constructed by 4K
⊗4K
dimensional qubits |φ0 i = |0i
.
Step (3-2): According to the operation (6) in Definition 3.3,
convert ZSi and ZRx into sample QZN vector (SQZV) and
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reference QZN vector (RQZV):


−−→
Q
Q
Q
Q
ZQ
=
Z
,
Z
,
...
,
Z
,
...
,
Z
Si1
Si2
Sij
SiK
Si

−−Q→  Q
Q
Q
Q
Z Rx = ZRx1 , ZR
,
...
,
Z
,
...
,
Z
R
R
x2
xy
xK

(67)
(68)

Q
in which ZSQij (j = 1, 2, ... , K) and ZR
(y = 1, 2, ... , K)
xy
are respectively the QZNs for the j-th attributes of the i-th
samples and y-th attributes of the x-th references, which are
defined as:

ZSQij =< ψµA Sij , ψµB Sij >
θµ S
=<RY A ij

(69)

θµ S
(|0i) , RY B ij

(|0i) >
q
=< µA (Sij ) |0i + 1 − µA (Sij ) |1i ,
q
q
µB (Sij ) |0i + 1 − µB (Sij ) |1i >
q

chinaXiv:202104.00004v2

Q
ZR
=< ψµA Rxy , ψµB Rxy >
xy
θµ

θµ

R

q
q
ψµAB Rxy = µA (Rxy ) µB (Rxy ) |110i
q
q
+ µA (Rxy ) 1 − µB (Rxy ) |101i
q
q
+ 1 − µA (Rxy ) µB (Rxy ) |011i
q
q
+ 1 − µA (Rxy ) 1 − µB (Rxy ) |001i (77)
The implementations of this step in quantum circuit are as follows. Firstly, add 2K ancillary qubits
⊗2K
|1i
to |φ1 i. Secondly, apply 4K Pauli-X gate on
ψµA Sij , ψµB Sij , ψµA Rxy , and ψµBRxy . Finally, apply 2K CCNOT
gate on X ψµA Sij X ψµB Sij |1i,

X ψµA Rxy X ψµB Rxy |1i, and obtain the quantum
state |φ2 i of c-SQZV and c-RQZV:
|φ2 i =

ψµA Sij



ψµB Sij

X



|1i



j=1

(70)

R

=<RY A xy (|0i) , RY B xy (|0i) >
q
q
=< µA (Rxy ) |0i + 1 − µA (Rxy ) |1i ,
q
q
µB (Rxy ) |0i + 1 − µB (Rxy ) |1i >

K
O

CCN OT X

⊗

K
O

CCN OT X

ψµA Rxy



X

ψµB Rxy



|1i



y=1

(78)
=

where θµA Sij and θµA Rxy are respectively the rotation angle
for the Y-Rotation gates defined in Step (2).
The way for implementing this step in quantum circuit is
to pass |φ0 i through 4K Y-Rotation gates, then the quantum
state of SQZV and RQZV |φ1 i can be obtained:

K
O

j=1

ψµAB Sij



⊗

K
O


ψµAB Rxy



(79)

y=1

For convenience, let |ψµAB Si i and |ψµAB Rx i denote that:
|ψµAB Si i =

K
O

ψµAB Sij

(80)

ψµAB Rxy

(81)

j=1

|φ1 i =

K
O

j=1

ψµA Sij

ψµB Sij



⊗

K
O


ψµA Rxy

ψµB Rxy



y=1

(71)
Step (3-3): Based on the operation (7) of QZN, combine
SQZV and obtain c-SQZV; combine RQZV and get c-RQZV.
c-SQZV and c-RQZV are defined as:


−−−−→
Q
Q
Q
Q
CZ Q
=
CZ
,
CZ
,
...
,
CZ
,
...
,
CZ
Si1
Si2
Sij
SiK
Si
(72)

−−−−
→ 
Q
Q
Q
Q
Q
CZ Rx = CZRx1 , CZRx2 , ... , CZRxy , ... , CZRxK
(73)
Q
where CZSQij and CZR
are respectively the c-QZNs of
xy
samples and references:

CZSQij = { < |ϕi , ψµAB Sij >

|ϕi ∈ U}

Q
CZR
= { < |ϕi , ψµAB Rxy > |ϕi ∈ U}
xy

(74)
(75)

in which ψµAB Sij and ψµAB Rxy are the combined state
for c-QZNs of samples and references:
q
q
ψµAB Sij = µA (Sij ) µB (Sij ) |110i
q
q
+ µA (Sij ) 1 − µB (Sij ) |101i
q
q
+ 1 − µA (Sij ) µB (Sij ) |011i
q
q
+ 1 − µA (Sij ) 1 − µB (Sij ) |001i (76)

|ψµAB Rx i =

K
O
y=1

Then |φ2 i can be written as |φ2 i = |ψµAB Si i |ψµAB Rx i.
Step (3-4): Based on quantum fidelity [33] and swap test
[55], measure the similarity of c-SQZV and c-RQZV. Let
the operation of controlled-SWAP be CSW AP (|xi|ψi|φi):
|0i|ψi|φi → |0i|ψi|φi and |1i|ψi|φi → |1i|φi|ψi, where the
first one-dimensional qubit |xi is the control qubit, while |ψi
and |φi are the target qubits whose dimension can be larger
than one. In order to implementing this step in quantum circuit,
firstly, add an ancillary qubit |0i to |φ2 i. Next, implement the
circuit for quantum fidelity, and get the quantum state |φ3 i:
|φ3 i = (H ⊗ I ⊗ I) ⊗ (CSW AP )
⊗ (H ⊗ I ⊗ I) ⊗ (|0i |ψµAB Si i |ψµAB Rx i)
1
= |0i (|ψµAB Si i |ψµAB Rx i + |ψµAB Rx i |ψµAB Si i)
2
1
+ |1i (|ψµAB Si i |ψµAB Rx i − |ψµAB Rx i |ψµAB Si i)
2
(82)
Step (3-5): Observe the ancillary qubit and obtain the probability p(|0i):
p (|0i) = hφ3 | M0† M0 |φ3 i
(83)
1 1
= + | hψµAB Si |ψµAB Rx i |2
(84)
2 2
where M0 = |0i h0| is the measurement operator, and
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Fig. 6: Quantum circuit for Step (3-1) to (3-6)
| hψµAB Si |ψµAB Rx i |2 is the quantum fidelity of |ψµAB Si i and
|ψµAB Rx i.
Step (3-6): Calculate and output the quantum fidelity coefficient Fix :
Fix = 2 × p (|0i) − 1 = | hψµAB Si |ψµAB Rx i |2

(85)

Step (4): Construct quantum fidelity matrix.
Construct quantum fidelity matrix (QFM) based on quantum
fidelity coefficient Fix :
 F11 F12 ···
F1N 
..
 F21
.
F2N 


.
.. 

(86)
QF M =  .

.
Fix
.


..
.
FM 1 FM 2 ···

FM N

Step (5): Find the index of the maximum value of Fix and
make decision.
For each row of QFM (i = 1, 2, ... , M ), find the index of
the maximum value of quantum fidelity coefficient:
x∗i = arg max (Fix )
x

(87)

where x ∈ {1, 2, ..., N }. After that, make multi-attributes
decision: the i-th sample best matches the x∗i -th reference.
For example, if F64 is the maximum value in the 6-th row,
then the 6-th sample can be classified as the 4-th reference.
To illustrate, the implementation of the quantum circuit for
Step (3-1) to (3-6) is illustrated in Fig. 6. The overall procedure
of the proposed algorithm is illustrated in Fig. 7.
B. Time complexity of the proposed algorithm
In this subsection, firstly, the time complexity of the proposed algorithm is analyzed. Next, we compare the time complexity of the proposed algorithm with its classical counterpart.
In steps (1) and (2), SZM and RZM are prepared and
processed in classical computer, and the time cost is mainly
taken for calculating the rotation angles of SZM and RZM.
SZM and RZM respectively have M K and N K elements,
and each element is a Z-number which has 2 component. As

Fig. 7: Procedure of the proposed algorithm

a result, the time cost of calculating the rotation angles is
2(M + N )K.
Step (3) is implemented in quantum computer for M N
times until all Fix are calculated. As is shown in Fig. 6,
the Y-Rotation gates, Pauli-X gates, and CCNOT gates are
respectively implemented in parallel, so that the time cost of
them is 3. Since each CSWAP gate works independently, these
CSWAPs can be implemented in parallel, so that the time
cost of them is also 1. The time cost of the two Hadamard
gate is 2. Hence, the time cost of the quantum circuit in Fig.
8 for one time is 6. To achieve the desired error tolerance
ε > 0, the quantum circuit in Fig. 8 should be independently
implemented for O( 1ε ) times [55]. As a result, the total time
cost of step (3) is O( 1ε M N ).
The main time cost of steps (4) and (5) is taken to find the
maximum value for each row of QFM, which is conducted
in classical computer. QFM has M rows, each row contains
N elements. The time cost for finding the maximum value
among N elements is O(N ) [65]. Therefore, the total time
cost of steps (4) and (5) is O(M N ).
Based on above analysis, the total time cost of the proposed
algorithm is O( 1ε M N + M K + N K).
Next, we will analyze the time complexity of the classical
counterpart of the proposed algorithm. Since the classical
counterpart is totally conducted in classical computer, the
major difference between it and the proposed algorithm is in
steps (3).
Step (3) measures the similarity of K-dimensional SZV and
RZV based on quantum fidelity, so that its classical counterpart
should also be a similarity-based or a distance-based algo-

rithm. Several common similarity and distance measurements
are Pearson correlation coefficient [66], KL divergence [67],
and JS divergence [68]. Given two K-dimensional vectors, the
time cost for these measurements of the two vectors is at least
O(K) [65]. Because the step (3) is conducted for M N times
until the similarity of every SZV and RZV are calculated, the
time cost for the classical counterpart of step (3) is O(M N K).
Hence, the total time cost of the classical counterpart of the
proposed method is O(M N K + M K + N K).
To illustrate the efficiency of the time complexity of the
proposed method, the time cost of the proposed method and
that of its classical counterpart are shown in Fig. 8 where
the number of samples M and the number of references N
are 10000, the error tolerance ε is 0.002, and the number
of attributes K increases from 1 to 10000. It can be seen
that, when K > 1ε , with the increase of K, the time cost
of the proposed method is far less than that of its classical
counterpart. Because 1ε is irrelevant to the number of attributes
K, the larger the K, the higher efficiency the quantum
circuit is. Therefore, blessed with the quantum parallelism,
the proposed algorithm has the advantage of time complexity
in big data scenario where K is much larger than 1ε .
10

12

11

The proposed algorithm
Its classical counterpart

10

Time cost
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Let S denotes the UOD of all the patients (samples), and
Sij ∈ S denotes the i-th patient and his or her j-th symptom
(attribute), where i ∈ {1, ... , 3} and j ∈ {1, ... , 4}. Let R
denotes the UOD of all the diagnoses (references), and Rxy ∈
R denotes the x-th diagnosis and its y-th symptom (attribute),
where x ∈ {1, ... , 4} and y ∈ {1, ... , 4}.
The relationship between Pi and SPj and their associated reliability are described by classical fuzzy membership
function, which are shown in TABLE III and TABLE IV.
In addition, the relationship between Dx and SPy and their
associated reliability are also described by classical fuzzy
membership, which are shown in TABLE V and TABLE VI.
TABLE III: Relationship between Pi and SPj
SP1
SP2
SP3
SP4
P1 hS11 , 0.35i hS12 , 0.43i hS13 , 0.12i hS14 , 0.61i
P2 hS21 , 0.26i hS22 , 0.49i hS23 , 0.43i hS24 , 0.36i
P3 hS31 , 0.68i hS32 , 0.73i hS33 , 0.12i hS34 , 0.08i
TABLE IV: Reliability of relationship between Pi and SPj
SP1
SP2
SP3
SP4
P1 hS11 , 0.77i hS12 , 0.38i hS13 , 0.84i hS14 , 0.83i
P2 hS21 , 0.33i hS22 , 0.81i hS23 , 0.72i hS24 , 0.28i
P3 hS31 , 0.82i hS32 , 0.89i hS33 , 0.86i hS34 , 0.61i
TABLE V: Relationship between Dx and SPy

8
6

D1
D2
D3
D4

4
2

SP1
hR11 , 0.41i
hR21 , 0.84i
hR31 , 0.25i
hR41 , 0.18i

SP2
hR12 , 0.43i
hR22 , 0.86i
hR32 , 0.32i
hR42 , 0.24i

SP3
hR13 , 0.37i
hR23 , 0.21i
hR33 , 0.69i
hR43 , 0.14i

SP4
hR14 , 0.12i
hR24 , 0.15i
hR34 , 0.38i
hR44 , 0.79i

0
0

2000

4000

6000

8000

10000

K

Fig. 8: Time cost of the proposed method and that of its
classical counterpart
VI. A PPLICATION IN MEDICAL DIAGNOSIS
In this section, the proposed algorithm will be applied in
practical medical diagnosis problems. In addition, we will
analyze and discuss about the proposed algorithm.
A. Problem statement
Assume there are three patients: Alice, Bob, and Charlie denoted as Pi where i ∈ {1, ... , 3}, and there are four symptoms:
cough, temperature, headache, and chest pain denoted as SPj
where j ∈ {1, ... , 4}. Several diagnoses made by doctors are
stomach problem, viral fever, malaria, and typhoid denoted as
Dx where x ∈ {1, ... , 4}, and the associated symptoms of the
diagnoses are denoted as SPy where y ∈ {1, ... , 4}. These
three patients can be seen as three samples, and these four
diagnoses can be seen as four references. All of the samples
and references have four symptoms which can be seen as four
attributes. Our goal is to match the three samples to the four
references to make a medical diagnosis for every patient.

TABLE VI: Reliability of relationship between Dx and SPy
D1
D2
D3
D4

SP1
hR11 , 0.83i
hR21 , 0.95i
hR31 , 0.91i
hR41 , 0.81i

SP2
hR12 , 0.87i
hR22 , 0.92i
hR32 , 0.96i
hR42 , 0.87i

SP3
hR13 , 0.81i
hR23 , 0.87i
hR33 , 0.89i
hR43 , 0.84i

SP4
hR14 , 0.82i
hR24 , 0.85i
hR34 , 0.92i
hR44 , 0.85i

B. Application of the proposed algorithm
In this subsection, the proposed QZN-based MADM algorithm is applied in medical diagnose. The calculating procedures are detailed as follows.
Step (1): Construct Z-numbers for samples and references,
where the first component and the second component of Znumbers for samples are respectively based on TABLE III and
TABLE IV, and that of Z-numbers for references respectively
based on TABLE V and TABLE VI. Then, convert these Znumbers into SZM and RZM:
 h0.35,0.77i h0.43,0.38i h0.12,0.84i h0.61,0.83i 
SZM = h0.26,0.33i h0.49,0.81i h0.43,0.72i h0.36,0.28i
(88)
h0.68,0.82i h0.73,0.89i h0.12,0.86i h0.08,0.61i
" h0.41,0.83i h0.43,0.87i h0.37,0.81i h0.12,0.82i #
RZM =

h0.84,0.95i h0.86,0.92i h0.21,0.87i h0.15,0.85i
h0.25,0.91i h0.32,0.96i h0.69,0.89i h0.38,0.92i
h0.18,0.81i h0.24,0.87i h0.14,0.84i h0.79,0.85i

(89)
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Step (2): Calculate the corresponding rotation angles for every
element of SZM and RZM, which are shown in TABLE VII.
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TABLE VII: Rotation angles of SZM and RZM
θµA Sij
i=1
i=2
i=3
θµB Sij
i=1
i=2
i=3
θµA Rxy
x=1
x=2
x=3
x=4
θµB Rxy
x=1
x=2
x=3
x=4

j=1
107.458◦
118.685◦
68.900◦
j=1
57.316◦
109.877◦
50.208◦
y=1
100.370◦
47.156◦
120.000◦
129.792◦
y=1
48.700◦
25.842◦
34.915◦
51.684◦

j=2
98.048◦
91.146◦
62.613◦
j=2
103.887◦
51.684◦
38.739◦
y=2
98.048◦
43.946◦
111.100◦
121.332◦
y=2
42.269◦
32.860◦
23.074◦
42.269◦

j=3
139.464◦
98.048◦
139.464◦
j=3
47.156◦
63.896◦
43.946◦
y=3
105.070◦
125.451◦
67.666◦
136.054◦
y=3
51.684◦
42.269◦
38.739◦
47.156◦

j=4
77.291◦
106.260◦
147.140◦
j=4
48.700◦
116.104◦
77.291◦
y=4
139.464◦
134.427◦
103.887◦
54.549◦
y=4
50.208◦
45.573◦
32.860◦
45.573◦

−−→
−−→
Step (3): For one SZV Z S i and one RZV Z Rx , calculate
their similarity based on quantum fidelity coefficient Fix , until
all Fix are obtained, where i ∈ {1, ..., 3} and x ∈ {1, ..., 4}.
Each Fix is calculated by the quantum circuit shown in Fig. 6,
which is simulated in Qiskit and implemented in the quantum
computer of IBM.
−−→
−−→
Take Z S 1 and Z R2 as an example. Their corresponding
rotation angles are θµA S1j , θµB S1j (j = 1, ..., 4) and θµA R2y ,
θµB R2y (y = 1, ..., 4), which are shown in TABLE VII. Then,
assign these rotation angles to their associated Y-Rotation
gates, and create the quantum circuit for calculating the quan−−→
−−→
tum fidelity coefficient F12 of Z S 1 and Z R2 . Next, simulate
the quantum circuit and get the probability: p(|0i) = 0.6316.
−−→
−−→
Finally, the quantum fidelity coefficient of Z S 1 and Z R2 can
be calculated: F12 = 2 × p (|0i) − 1 = 0.2632.
Step (4): Construct the quantum fidelity matrix (QFM) based
on Fix in step (3), which is shown as follows:
h 0.5046 0.2632 0.3366 0.6434 i
QF M = 0.4382 0.1768 0.2708 0.3198
(90)
0.7194 0.8146 0.3282 0.2520

Step (5): For each row of QFM, find the maximum value of
Fix , which are highlighted in bold in Eq. 90, and then make
medical diagnosis based on the index of the maximum value.
The medical diagnosis generated by the proposed algorithm is
shown in the first row of TABLE VIII.
TABLE VIII: Medical diagnoses made by three algorithms
Alice
Bob
Charlie
Proposed algorithm Typhoid Stomach problem Viral fever
ZN-based algorithm Typhoid Stomach problem Viral fever
QFS-based algorithm Typhoid Malaria
Viral fever
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C. Analysis and discussion
In this subsection, we analyze and discuss about the proposed QZN-based algorithm compared with ZN-based algorithm and QFS-based algorithm.
1) Compared with ZN-based algorithm
For comparing QZN with Z-number (ZN), the ZN-based
algorithm is as follows, which is a classical counterpart of the
proposed QZN-based algorithm.
Step (1): Input Z-numbers of samples of references, and
construct SZM and RZM.
Step (2): Construct combined-SZM and combined-RZM:
−−−→ −−−−→
CZ S 1 CZ S 2 ···
CSZM = [ −

CRZM =

−
−−−
→
−−−−−→ T
CZ S i ··· CZ S M ]

−−−→ −−−−→
−−−−→
−−−−−→ T
CZ R1 CZ R2 ··· CZ Rx ··· CZ RN ]
[−

in which
−−−−→
CZ S i = ( CZSi1 , CZSi2 , ... ,CZSij , ... ,CZSiK )
−−−−→
CZ Rx = ( CZRx1 , CZRx2 , ... ,CZRxy , ... ,CZRxK )

(91)
(92)

(93)
(94)

are called the combined-SZV and combined-RZV, where
CZSij =µA (Sij ) µB (Sij ) and CZRxy =µA (Rxy ) µB (Rxy ).
−−−−→
Step (3): Given one combined-SZV CZ S i and one combined−−−−→
RZV CZ Rx , measure their similarity between based on
Pearson correlation coefficient [66]:
−−−−→ −−−−→
cov(CZ S i , CZ Rx )
rix =
(95)
−−−
→ σ−−−−→
σ−
CZ
CZ
Si

Rx

−−−−→ −−−−→
−−−
→ σ−−−−→
where cov(CZ S i , CZ Rx ) is covariance, and σ−
CZ S
CZ R
−−−−→ i −−−−→x
are respectively the standard deviation of CZ S i and CZ Rx .
Step (4): Construct Pearson correlation coefficient matrix
(PM) based on rix :
" r11 ··· r1N #
.. . . ..
PM =
(96)
. .
.
rM 1 ··· rM N

Step (5): For each row of PM, find the index of the maximum
value of rix and make decision.
Then, this ZN-based algorithm is applied in medical diagnosis, and the PM is calculated as:
h −0.8524 −0.3361 −0.4371 0.9198 i
P M = 0.5588 0.1624 0.4158 −0.4643
(97)
0.7928

0.9915 −0.6616 −0.5285

where the maximum values of each row are in bold. Next,
the medical diagnosis generated by the ZN-based algorithm is
shown in the second row of TABLE VIII.
The diagnosis for each patient made by the ZN-based
algorithm is the same as that made by the proposed algorithm,
which shows that both of these two algorithms can effectively
handle fuzziness and make correct medical diagnosis for
different patients. However, as is discussed in Subsection B of
Section V, since the ZN-based algorithm is based on Pearson
correlation coefficient, its total time cost is much slower than
that of the proposed algorithm in big data scenario. In addition,
the ZN-based algorithm is a classical algorithm, which cannot
be applied in quantum information processing.
By comparison, assisted by quantum computation, the proposed QZN-based algorithm can efficiently make medical di-
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agnosis. Moreover, it can be extended and applied in quantum
information processing under other scenario.
2) Compared with QFS-based algorithm
To compare QZN with quantum fuzzy set (QFS), QZN in
the proposed algorithm is replaced by QFS, while the other
procedures of the proposed algorithm remain the same. This
algorithm is called the QFS-based algorithm. Then, we compare the proposed QZN-based algorithm with the QFS-based
algorithm. The quantum fidelity matrix (QFM) generated by
the QFS-based algorithm is that
h 0.6554 0.4514 0.6030 0.8792 i
QF M = 0.8830 0.4908 0.9044 0.6572
(98)
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0.7474 0.9112 0.3896 0.2790

where the maximum values of each row are in bold. Then, the
medical diagnosis made by the QFS-based algorithm is shown
in the third row of TABLE VIII.
It can be seen that the diagnosis of Bob generated by the
QFS-based algorithm is different from that of the proposed
algorithm. The reason is that the QFS-based algorithm does
not take reliability of quantum fuzziness into consideration, so
that it makes wrong diagnosis. To be specific, the QFS-based
algorithm cannot use the reliability information in TABLE IV
and TABLE VI. Its omits that the reliability for the first and the
fourth symptoms of Bob are 0.33 and 0.28, which means that
the fuzzy relationships for the first and the fourth symptoms
of Bob should not be fully trusted.
By contrast, with the help of quantum sets AQ and B Q ,
QZN can not only use AQ to represent the quantum fuzzy
restriction of the elements in QUOD, but also express the
reliability of AQ based on B Q , so that the proposed algorithm
can make diagnoses correctly and efficiently.
Based on above discussion, compared with ZN-based algorithm and QFS-based algorithm, the advantages of the
proposed algorithm are summarized in TABLE IX.
TABLE IX: Comparison of three algorithms
Efficiency Quantum
of time information
Correctness complexity processing
Proposed algorithm
X
X
X
X
×
×
ZN-based algorithm
QFS-based algorithm
×
X
X

VII. C ONCLUSION
Z-number proposed by Zadeh is an efficient tool for modeling uncertainty in fuzzy environment. However, Z-numbers
are unable to deal with uncertain information in quantum field.
Therefore, in order to equipping Z-numbers with the ability
of processing quantum information, this paper generalizes Znumber into its quantum counterpart and proposes quantum
Z-numbers (QZNs).
The main contributions of this paper are summarized as
follows. (1) Quantum Z-numbers (QZNs) are proposed, which
are the quantum extension of classical Z-numbers. A QZN
consists of two quantum fuzzy sets, taking both quantum
fuzzy restriction and its reliability into consideration. (2)
We present several basic quantum fuzzy operations of QZNs
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and their associated quantum circuits, which are expounded
by numerical examples. (3) A novel QZN-based quantum
MADM algorithm is proposed. The analysis shows that the
proposed algorithm has the advantage of time complexity in
big data scenario. (4) The proposed algorithm is applied in
medical diagnosis, which shows that the proposed algorithm
can not only process fuzzy information efficiently but also
make diagnoses correctly with low time complexity.
In the future research, we will focus on designing other
quantum algorithms of QZNs, such as quantum ranking of
QZNs. Besides, applying QZN and its quantum algorithms
into more practical fields is also worth exploring.
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