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Theory, IRT�Å,´
�
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��:�ÄHuebner & Fina, 2015 ; Li et al., 2020; Wang et al., 

2020�Å�Ä  
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¼ CAT 
w	5�� IRT  Q
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�M0?±EÃ�*�)>ÛB�,´2«�[�B�6�ÄF	�a�)#{P¼
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2«�[>ÛB�,´-O�Î7-�Ë�6+|�l�È�•�´FP�l'f"�5�AÑGÿ�¦F�>|�wAî�ðP¼�È�þ6<�¼�@�)>ÛB�,´�62«�Ä

�0��,´�l'f"�4ø!’?ô�I�_ Wald�Ä1947�Å���*,´�¿C_�l'f"��ðP¼�ÄS equential Probability Ratio 

Test, SPRT�Å�Ä Bartroff 1y�Ä2008�Å�I�6�¯�y�l'f"��ÄGeneralized Likelihood Ratio , GLR�Å�é#�

�Ä+X�¾
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�6L¿�j5Y�ÿ�°�_�> GLR �é#�-(5�
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�´�*�Å�¡,´ SPRT�ÄProjected SPRT, P-SPRT�Å��	ú
X!”�*.p�:�0
�L¿�j5Y�ÿ,´�J5$ SPRT

�ÄMultidimensional SCSPRT, M-SCSPRT�Å�Ä!” �F�ÈNydick�Ä 2013�ÅF�OÆ�x�6�J5$ GLR �ðP¼
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5,�:�È�*�¾ MIRT �´�* MCCT 4ø!’?ô�I7-�O�$�­
`F2�Ä)à�Î#{P¼,´M0?±�Ä�\�·
X�k5�

�>�6�À�"�9 MCCT 4ø!’?ô�I,´�*.p�:�È���*�T/ý�à,´ MCCT 4ø!’?ô�I�Ö1\�0/ý�_�*�¾Pœ"?

D
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/ë=½�• P-SPRT

�é#��×1\�¼/ý�_�J5$L¿�j5Y�ÿ,´ GLR ?ô�I�ÄMultidimensional SCGLR, M-SCGLR�Å�È
���>Û

?ö�j SCGLR
X�J5$�õ�³�;,´�Ø�¯�Ä�T/ý�à4ø!’?ô�I-(�)�¾�"�9?ô�I,´>˜)à�È�6FJE÷ Q��.D
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�\�·,´�™�‰G��6�6�9�²�;�é�?F�>|4ô4÷�Ö1\ 2 8²OÆ�x1°?±�ÿF �\�·�¯+X,´ MIRT  Q
»��

	ú
�/ý�"�9,´ MCCT 4ø!’?ô�I�Ä	£ C-SPRT�ÃP-SPRT�ÃM-GLR ��	ú M-SCSPRT�Å�È'f
>B�4ö

�û4ý�T/ý�à���*,´ MCCT 4ø!’?ô�I�Ä	£ Mahalanobis-SPRT
¼ M-SCGLR�Å�Ä1\ 3 8²�6�û4ý Q

��.D0¦AîAÑ�È�¦
X1\ 4 8²�…/j.D0¦5��Ì�>5�Aê�Ä�0
>�08²F�>|AØAê�¦�…�K�Z�•,´.D0¦�é
A�Ä  

2 �é#�  

2.1 MIRT  Q
»  

�\�·�wAî�p�9NÈ-�G-+a�J5$�9	ò� FkEÁ�ß:²�{ Q
»�ÄM ultidimensional Three-Parameter 

Logistic Model, M3PL�Å�* Q�Ä
XB� Q
»�]�È7-�Ë
AGÿ�j𝜽𝜽 𝑖𝑖,´>ÛB�𝑖𝑖 !“.ž�Œ1„�¼4×AÑ�6NÈ-�𝑗𝑗 ,´

�²)·�j�ÄReckase & Mckinley, 1982�Å�È  

𝑃𝑃𝑗𝑗(𝜽𝜽𝑖𝑖) ≡ Prob�𝑌𝑌𝑖𝑖𝑖𝑖 = 1�𝜽𝜽𝑖𝑖 , 𝐚𝐚𝑗𝑗 ,𝑑𝑑𝑗𝑗 , 𝑐𝑐𝑗𝑗� = 𝑐𝑐𝑗𝑗 + 1−𝑐𝑐𝑗𝑗
1+exp�−�𝐚𝐚𝑗𝑗

𝑇𝑇𝜽𝜽𝑖𝑖+𝑑𝑑𝑗𝑗��
, (1) 

�¦�]�È𝑌𝑌 𝑖𝑖𝑖𝑖�_
��l�j 0 �F 1 ,´�_�Ú�YL¿�j
�Gÿ�È>˜/j>ÛB�𝑖𝑖 
XNÈ-�𝑗𝑗 �:,´�¼4×AÑ�6�Œ1„	ý

�Ä�Ä𝜽𝜽𝑖𝑖 = �𝜃𝜃𝑖𝑖1,𝜃𝜃𝑖𝑖2, … ,𝜃𝜃𝑖𝑖𝑝𝑝�
𝑇𝑇
>˜/j>ÛB�𝑖𝑖 ,´ 𝑝𝑝5$7-�Ë
AGÿ�È𝑇𝑇>˜/jEœ5ž�Ä𝐚𝐚𝑗𝑗 = �𝑎𝑎𝑗𝑗1,𝑎𝑎𝑗𝑗2, … ,𝑎𝑎𝑗𝑗𝑗𝑗�

𝑇𝑇
�j

NÈ-�𝑗𝑗,´𝑝𝑝 5$	j�6�Ö	ò� 
AGÿ�È�9𝐚𝐚 𝑗𝑗
𝑇𝑇𝜽𝜽𝑖𝑖 = ∑ 𝑎𝑎𝑗𝑗𝑗𝑗

𝑝𝑝
𝑘𝑘=1 𝜃𝜃𝑖𝑖𝑖𝑖�×�7Gÿ 𝑑𝑑𝑗𝑗�_�>NÈ-�Lî�Ö-(�£,´�ZD
	ò� �È

�7Gÿ𝑐𝑐𝑗𝑗�I�_NÈ-�,´�Z)L#{	ò� �Ä�j�é�ï�) Q
»	ò� ,´
[�yF�>|@�Gú�È Ackerman�Ä1994�Å�Ê�y

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑗𝑗 = �𝑎𝑎𝑗𝑗12 + 𝑎𝑎𝑗𝑗22 + ⋯+ 𝑎𝑎𝑗𝑗𝑗𝑗2 �
1/2

�Œ�jNÈ-�𝑗𝑗 ,´�J5$	j�6�Ö�Ämultidimensional discrimination �Å�È
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�Ê�y 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑗𝑗 = −𝑑𝑑𝑗𝑗
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑗𝑗

�Œ�jNÈ-�𝑗𝑗 ,´�J5$Lî�Ö�Ämultidimensional diff iculty�Å�Ä  

+a!”�È>ÛB�𝑖𝑖 �)𝑗𝑗 ′FƒNÈ-�,´�Œ1„	ý�Ä𝐘𝐘 𝑖𝑖𝑗𝑗′ = (𝑌𝑌𝑖𝑖1,𝑌𝑌𝑖𝑖2, … ,𝑌𝑌𝑖𝑖𝑗𝑗′),´�l'f�-� �j�È 

𝐿𝐿�𝜽𝜽𝑖𝑖|𝐘𝐘𝑖𝑖𝑗𝑗′� = ∏ �𝑃𝑃𝑗𝑗(𝜽𝜽𝑖𝑖)�
𝑌𝑌𝑖𝑖𝑖𝑖�𝑄𝑄𝑗𝑗(𝜽𝜽𝑖𝑖)�

1−𝑌𝑌𝑖𝑖𝑖𝑖𝑗𝑗′
𝑗𝑗=1 , (2) 

�¦�]�È𝑄𝑄 𝑗𝑗(𝜽𝜽𝑖𝑖) = 1 − 𝑃𝑃𝑗𝑗(𝜽𝜽𝑖𝑖)�È>˜/j>ÛB�𝑖𝑖 KIB��Œ1„NÈ-�𝑗𝑗,´�²)·�Ä 

2.2 �"�9,´ MCCT 4ø!’?ô�I  

2.2.1 �l'f"��M�#�> C-SPRT�ÃP-SPRT ��	ú M-GLR ?ô�I  

-��}�W�J� �£�¾ MCCT ,´4ø!’?ô�IG-�_�*�¾	…5$ CCT ,´4ø!’?ô�I6<�´�*�Ä�0�Z	…5$�¿

C_�l'f"�?ô�I,´�´�@
����k5��j
��Z!•PÔ�Ö�Ä1 �Å�´FP�wAî�ðP¼�×�Ä2 �Å.ž�Ê�=
<1y4×L$,´7-�Ë

L8�l𝜃𝜃 0�×�Ä 3�Å
X 𝜃𝜃0�45	�Ê�0�Z𝛿𝛿 Fë���È	£( 𝜃𝜃0 − 𝛿𝛿,𝜃𝜃0 + 𝛿𝛿) ≡ (𝜃𝜃𝑙𝑙 ,𝜃𝜃𝑢𝑢)�Ä�ƒ7-�Ë�l:m
XB�	jL$�&�È

AÔ�j�Z9ç�ÇCã�O���Ÿ�)>ÛB�F�>|�62«�È
�!”B�	jL$�•>Û0 �j�����[	jL$�×6<�ƒ7-�Ë�l�W�¾𝜃𝜃 𝑢𝑢

�&AÔ�j>ÛB��Ž�¾��Eî�7��,´2«�[�È�ƒ7-�Ë�l�?�¾𝜃𝜃 𝑙𝑙�&AÔ�j>ÛB��Ž�¾���ZEî�7��,´2«�[�×�Ä4 �Å

�´�*�l'f"�5�AÑGÿ�¦.ž�Ê��5
���Ä
X�64ø!’?ô�I�þ CCT �Ø�¯�` MCCT �&�ÈM0?±�Ê�y7-�Ë�6

+|�"4ï�F�"M’�}7-�6�=
<2«�[,´>ÛB�	j�6�0�•�Ä+a!”�È	…5$�õ�³�;,´7-�Ë�6+|&é𝜃𝜃 0�a
��j�J

5$0ªL$�],´7-�Ë�6+|�"4ï�F�"M’𝑔𝑔 (𝜽𝜽) = 0�È�¦�] 𝑔𝑔(𝜽𝜽)�j�6+|�-� �È�§�ƒ
��6�j>•�¯�W,´�6+|

�-� �Ä"��²�È 𝑔𝑔(𝜽𝜽) = 𝜃𝜃1 + 𝜃𝜃2�Å
¼ MŽ>•�¯,´�6+|�-�  �Ä"��²�È 𝑔𝑔(𝜽𝜽) = �
𝜃𝜃1, 9�𝜃𝜃 2 ≥ 0
𝜃𝜃2, 9�𝜃𝜃1 > 0

�Å�Ä!”�&,´

�0�Z.D0¦L�NÈ�_�²�…�6�6+|�"4ï�F�"M’Eœ	F�j	…5$�õ�å�;,´�6+|L8�l𝜃𝜃 0�Ä
��F�È	£�¯9ç�Ç𝜃𝜃 0�È

�J5$0ªL$�],´𝜃𝜃 0
X�=
<�é
A�:
����´FP�+�?�J�Z 𝛿𝛿Fë���È
�!”�²�…F9��𝜃𝜃 𝑙𝑙
¼𝜃𝜃𝑢𝑢�_
��0�ZM0?±

@��ã,´L�NÈ�ÄC -SPRT�ÃP-SPRT��	ú M-GLR �6�[�þ�9�Z�=
<,´@��Ö���Ë@��ã�é�x�Ä 

OÆ�x�È�l'f"�?ô�IM0?±�´FP�wAî�ðP¼�È 

𝐻𝐻0:𝜽𝜽 ∈ 𝚯𝚯𝑛𝑛
𝐻𝐻1:𝜽𝜽 ∈ 𝚯𝚯𝑚𝑚

, (3) 

�¦�]�È 𝚯𝚯𝑚𝑚>˜/j�Ž�¾��Eî�7��2«�[,´>ÛB�,´7-�Ë0ªL$�È 𝚯𝚯𝑛𝑛>˜/j�Ž�¾���ZEî�7��2«�[,´>Û

B�,´7-�Ë0ªL$�Ä�¾�_�È�Õ
�	Ï�wAî𝐻𝐻 0>˜/j>ÛB��Ž�¾���ZEî�7��2«�[�È�Õ
��7���wAî𝐻𝐻 1�I>˜/j

>ÛB��Ž�¾��Eî�7��2«�[�Ä 

�Ä1�ÅC-SPRT 

�*�¾�´FP,´�:F �wAî�È C-SPRT,´�*�\�MD��_�¯+X4Ö�•
X�6+|�"4ï�F�"M’�:,´7-�Ë�`AÑ

�l�/��7-�Ë�6+|&é𝜃𝜃 0�È�¦AÑ1Ç-(�Ä,´𝜽𝜽 𝑙𝑙
¼𝜽𝜽𝑢𝑢�Ä�6�[�)�Ä𝚯𝚯 𝑛𝑛,´�:+|�>𝚯𝚯 𝑚𝑚,´�;+|�:,´&é�Å �Ä�§�ƒ


`B$�È
X>ÛB�𝑖𝑖 �Œ1„�¼𝑗𝑗′FƒNÈ-�
>�ÈC-SPRT�é#�OÆ�x�6
X�6+|�"4ï�F�"M’�:AÑ1Ç�Ç�`,´7-�Ë

	ò� �`AÑ�l𝜽𝜽 �0�Œ�j7-�Ë�6+|&é𝜃𝜃 0,´�`AÑ�È	£ 
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𝜽𝜽�0 = arg max
𝜽𝜽∈𝚯𝚯0

�log𝐿𝐿�𝜽𝜽�𝐘𝐘𝑖𝑖𝑖𝑖′��, (4) 

�¦�]�È 𝚯𝚯0 = {𝜽𝜽:𝑔𝑔(𝜽𝜽) = 0}>˜/j7-�Ë�6+|�"4ï�F�"M’�Ä�:�?>˜/j�6𝚯𝚯 0�:�¯�Ç log 𝐿𝐿 �𝜽𝜽|𝐘𝐘𝑖𝑖𝑗𝑗′�


��0�W�l,´&éAà�j𝜽𝜽 �0�ÄC-SPRT �é#�'f
>
X𝜽𝜽 �0�4𝑔𝑔 (𝜽𝜽) = 0,´#�
AGÿ�é
A�:�´FP𝛿𝛿 Fë���ÄAà 𝜽𝜽𝛿𝛿

�jB��é
A,´	…�}
AGÿ�È 	£ 𝜽𝜽𝛿𝛿 = ∇𝑔𝑔�𝜽𝜽�0�
�∇𝑔𝑔�𝜽𝜽�0��2

�È�¦�] ∇�j
ø�öN¯1Ç�€�È>˜/j�Þ�6F�1Ç�È ‖·‖2>˜/j!W��

Gü�Ç93� �È+X�¾>‘Gÿ!W"?0ªL$�µ,´D
/ë�Ä�¾�_
��Ç�`�����[	jL$,´�:�;L€�6�[�j 

𝜽𝜽�𝑢𝑢 = 𝜽𝜽�0 + 𝛿𝛿𝜽𝜽𝛿𝛿, (5) 

𝜽𝜽�𝑙𝑙 = 𝜽𝜽�0 − 𝛿𝛿𝜽𝜽𝛿𝛿. (6) 

�i�ž Wald�Ä1947�Å���*,´�l'f"��ðP¼�´FP�l'f"�5�AÑGÿ�È�Ç�` 

𝐶𝐶𝑖𝑖𝑗𝑗′ = log�LR�𝜽𝜽�𝑢𝑢,𝜽𝜽�𝑙𝑙�𝐘𝐘𝑖𝑖𝑗𝑗′�� = log �
𝐿𝐿�𝜽𝜽�𝑢𝑢�𝐘𝐘𝑖𝑖𝑗𝑗′�
𝐿𝐿�𝜽𝜽�𝑙𝑙�𝐘𝐘𝑖𝑖𝑗𝑗′�

�. (7) 

Aà1\�02«
¼1\�¼2«KIB�)·�6�[�j𝛼𝛼 
¼𝛽𝛽�È�� 𝐴𝐴 = 𝐴𝐴(𝛼𝛼,𝛽𝛽)�Ã𝐵𝐵 = 𝐵𝐵(𝛼𝛼,𝛽𝛽)�Ã𝐶𝐶𝑙𝑙 = log(𝐴𝐴)�Ã𝐶𝐶𝑢𝑢 =

log(𝐵𝐵)�D𝐶𝐶0 = 𝐶𝐶𝑙𝑙+𝐶𝐶𝑢𝑢
2

�Ä
X�62«#{P¼,´6ü�Ÿ�;�ÈFJ�h
� 𝐴𝐴(𝛼𝛼,𝛽𝛽) = 𝛽𝛽
1−𝛼𝛼


¼𝐵𝐵(𝛼𝛼,𝛽𝛽) = 1−𝛽𝛽
𝛼𝛼

�ÄFinkelman, 

2003�Å�Ä
X>ÛB�𝑖𝑖�Œ1„�¼𝑗𝑗′FƒNÈ-�
>�ÈAÑ1Ç𝐶𝐶𝑖𝑖𝑗𝑗′�È�¦�*�¾�l'f"��ðP¼?ô�I5	�*�²�;�T�Ý�Ö9� 

𝐶𝐶𝑖𝑖𝑖𝑖′ ≤ 𝐶𝐶𝑙𝑙, (8) 

�I�Œ!’#{P¼�È#{P¼K¯�Ö�j𝑗𝑗 ′�È�¦�T�Ý>ÛB��Ž�¾���ZEî�7���×9�  

𝐶𝐶𝑖𝑖𝑖𝑖′ ≥ 𝐶𝐶𝑢𝑢, (9) 

�I�Œ!’#{P¼�È#{P¼K¯�Ö�j𝑗𝑗 ′�È�¦�T�Ý>ÛB��Ž�¾��Eî�7���×
V�I�È	£ 

𝐶𝐶𝑙𝑙 < 𝐶𝐶𝑖𝑖𝑖𝑖′ < 𝐶𝐶𝑢𝑢, (10) 

�I5�5�5	>ÛB��Œ1„�;�0FƒNÈ�Ä 

Wald-Wolfowitz �Ê*6>˜�>�Ö
X#{P¼
����15�F�>|-$8#%�Cã�:F 4ø!’?ô�I,´�õ�å�;�È SPRT

�_�§�9
<1y�ðP¼�Ë,´�ðP¼�]�pM0?ò#{�Z� �0�A,´�wAî�ðP¼�È	£�0�H�¿C_�ðP¼�ÄWald & 

Wolfowitz, 1948�Å�Ä�v�_
X)à�Î�õ�³�;�È+a�¾+â�ã�x�Ä�Ã4ó�•�x�Ä1y
�3P,´�¡
ý�È�=
�7-?±"r

>ÛB��0-$�Œ1„-$8#%�Cã�=1y�?�Ä8�Å�F�Ä 9�Å�Ä
�!”
X	…5$ CCT �]�È�08\FJE÷�»�xAî�Ê�0�W#{

P¼K¯�Ö𝐽𝐽��%�Cã�:F )à�ÎM0?±�Ä�¾�_�È.D0¦65
XAîAÑ�=�ÊK¯,´ MCCT 4ø!’?ô�I�&�•"ï+XF	�0

Lt�Ð,´�j�f5��•�‘�&�ÄF	�a�_B$�È9�Eî�`�0�WK¯�Ö𝐽𝐽 �&#{P¼�ý�Z5��•�È�I�i�ž�;F �ö�I�)>Û

B�F�>|�j�f�62«�Ö9� 𝐶𝐶𝑖𝑖𝐽𝐽 ≤ 𝐶𝐶0�È�I�Œ!’#{P¼�È#{P¼K¯�Ö�j𝐽𝐽 �È�¦�T�Ý>ÛB��Ž�¾���ZEî�7���×9�

𝐶𝐶𝑖𝑖𝐽𝐽 > 𝐶𝐶0�È�I�Œ!’#{P¼�È#{P¼K¯�Ö�j𝐽𝐽 �È�¦�T�Ý>ÛB��Ž�¾��Eî�7���ÄAàB��ö�I�j�0�W#{P¼K¯�Ö

�;�l'f"��ðP¼,´�T�Ý�ö�I�Å�Ä  

Aà>ÛB��04ø�¼�@#{P¼,´�ÎLu�Œ1„NÈ-�� �j𝐾𝐾 �È�62«�T�Ý5��Ì�j𝐷𝐷 �Ä𝐷𝐷 = 𝑚𝑚>˜/j>ÛB��Ž�¾

��Eî�7�� �È𝐷𝐷 = 𝑛𝑛>˜/j>ÛB��Ž�¾���ZEî�7���Å�È�0�W#{P¼K¯�Ö�j𝐽𝐽 �È�I�¤�Z C-SPRT,´�T�Ý?ô�I
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����²���²�;�È 

�
�Œ!’#{P¼,𝐾𝐾 = 𝑗𝑗′,𝐷𝐷 = 𝑛𝑛      9�� 𝑗𝑗′ < 𝐽𝐽,𝐶𝐶𝑖𝑖𝑖𝑖′ ≤ 𝐶𝐶𝑙𝑙��F{ 𝑗𝑗′ = 𝐽𝐽,𝐶𝐶𝑖𝑖𝑖𝑖′ ≤ 𝐶𝐶0}

�Œ!’#{P¼,𝐾𝐾 = 𝑗𝑗′,𝐷𝐷 = 𝑚𝑚     9�� 𝑗𝑗′ < 𝐽𝐽,𝐶𝐶𝑖𝑖𝑖𝑖′ ≥ 𝐶𝐶𝑢𝑢��F{ 𝑗𝑗′ = 𝐽𝐽,𝐶𝐶𝑖𝑖𝑗𝑗′ > 𝐶𝐶0}

5�5�#{P¼                                               
V�I

. (11) 

�Ä2�ÅP-SPRT 

P-SPRT�> C-SPRT�_�0,´	j�[
X�¾�³G÷+X�=
<�é#��6�6+|�"4ï�F�"M’Eœ�’�j
�+X�¾�w

Aî�ðP¼,´�6+|&é�Ä�§�ƒ
`B$�È P-SPRT�6�*�¾�ƒ�}�Œ1„�Ç�`,´>ÛB�7-�Ë�`AÑ�l�Å�¡8#𝑔𝑔 (𝜽𝜽) =

0�p�k+k,´Eé+|�:�È�¦�6�Å�¡?ö�Œ�6+|&é�Ä
X >ÛB��Œ1„�¼𝑗𝑗′FƒNÈ-�
>�È�)�¦7-�Ë�`AÑ�lF�>|�Å

�¡,´>˜F �²�;�Ö 

𝜽𝜽�0 = argmin
𝜽𝜽∈𝚯𝚯0

�𝜽𝜽�𝑖𝑖 − 𝜽𝜽�2, (12) 

�¦�]�È 𝜽𝜽�𝑖𝑖>˜/j>ÛB�𝑖𝑖 ,´7-�Ë�`AÑ�l�Ä+a�¾ ‖·‖2��>˜!W"?0ªL$�µ,´D
/ë�È
�!”�œ�?�Ä12�Å>̃

/j�6 𝚯𝚯0�:�>𝜽𝜽�𝑖𝑖D
/ë�0F�,´&é Aà�j 𝜽𝜽�0�È�•�a�_�6 𝜽𝜽�𝑖𝑖�Å�¡8# 𝚯𝚯0�:�È�¦�6�Å�¡�Ç�`,´&éAà�j 𝜽𝜽�0�Ä

.ž�Ê𝜽𝜽�0
>�ÈP-SPRT�•�Í'—1y�?�Ä5 �Å�Ã�Ä 6�Å
¼�Ä7�Å�Ç�` 𝜽𝜽�𝑢𝑢�Ã𝜽𝜽�𝑙𝑙��	ú𝐶𝐶 𝑖𝑖𝑗𝑗′�Ä 

�Ä3�ÅM -GLR 

M-GLR �é#�
X�´FP�l'f"�5�AÑGÿ,´�MD��:�> P-SPRT
¼ C-SPRTG-�=
<�ÄG LR 5�AÑGÿ

𝐶𝐶𝑖𝑖𝑗𝑗′�_�l'f�-� 
X�=
<2«�[>ÛB��Ä	£��Eî�7���>���ZEî�7���Å,´7-�Ë0ªL$�],´�0�W�l�{"�,´�)

� �È�³�=
<�¾1y�?�Ä7 �ÅM0?±.ž�Ê𝜽𝜽�𝑢𝑢
¼𝜽𝜽�𝑙𝑙�È
�!”�þ*6Aê�:
�F¯�}���J5$�õ�³�;?±�6�6+|�"4ï

�F�"M’Eœ�’�j�6+|&é��,´M0"r�ÄM -GLR 5�AÑGÿ�Ê�y�j 

𝐶𝐶𝑖𝑖𝑗𝑗′ = log
sup

𝜽𝜽1∈𝚯𝚯𝑚𝑚
�𝐿𝐿�𝜽𝜽1�𝐘𝐘𝑖𝑖𝑗𝑗′��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝐘𝐘𝑖𝑖𝑗𝑗′��
. (13) 

�¦�]�È 𝜽𝜽1 ∈ 𝚯𝚯𝑚𝑚>˜/j𝜽𝜽 1�_�� Eî�7�� >ÛB�,´7-�Ë0ªL$𝚯𝚯 𝑚𝑚�],´�+�0�l�È 𝜽𝜽2 ∈ 𝚯𝚯𝑛𝑛>˜/j𝜽𝜽 2�j���Z

Eî�7�� >ÛB�,´7-�Ë0ªL$𝚯𝚯 𝑛𝑛�],´�+�0�l�Ä�œ�?�Ä13�Å,´�6�€G��6	£�j
X��Eî�7��>ÛB�,´7-�Ë0ª

L$�µ�l'f�-� ,´�0�W�l�È6<�6!ýG��6	£�j
X���ZEî�7��>ÛB�,´7-�Ë0ªL$�µ�l'f�-� ,´�0�W�l�Ä

+a!”
���
�)à�È�>	…5$,´ GLR �é#�-("��ÈM -GLR 
��_�6𝐶𝐶 𝑖𝑖𝑗𝑗′�]"r�±�l,´Lö
8+a	…5$,´7-�Ë

	jL$
��j�J5$7-�Ë0ªL$�],´	j���È�¦�WCX�¦"Ñ�9
�	F�ÄM0?±B$�>,´�_�È�m1Ñ C-SPRT�ÃP-SPRT

�> M-GLR 
X�´FP5�AÑGÿ,´�§�ƒ�é�?�:�ˆ
X���2�È�vG-�_�*�¾�œ�?�Ä3 �Å�p�)�Ä,´�wAî�ðP¼�È

6<�D�õ�ÍC†�´FP,´�l'f"�5�AÑGÿF�>|�T�Ý�Ä
�!”�È
X�Ç�`𝐶𝐶 𝑖𝑖𝑗𝑗′�Ä�¿C_�l'f"�5�AÑGÿ�F�¯�y�l

'f"�5�AÑGÿ�Å
>�È P-SPRT
¼ M-GLR ,´�T�Ý�ö�I�•G-FJE÷�>𝐶𝐶 𝑙𝑙�Ã𝐶𝐶𝑢𝑢�F𝐶𝐶0F�>|"�E³�Ç�`#{P¼5�

�Ì�È	£�9'—�œ�?�Ä11 �Å�p�Ê�y,´?ô�I�)>ÛB��Š�*�62«�T�Ý�Ä 

2.2.2 L¿�j5Y�ÿ�> M-SCSPRT?ô�I  
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�²�}�pF �È+a�¾�0�W#{P¼K¯�Ö𝐽𝐽 ,´�E�•�> Wald-Wolfowitz �Ê*6,´�}���w�Ê-(�Æ�È
�!”
X


<1y�‘�&�;�È SPRT�=�½�§�9�0�W�ðP¼�Ë�Ä F	/ý�~�x�=�õ�Î�W#{P¼K¯�Ö�È6<�D�,8$#{P¼�&L$


¼NÈ-��
�y)·,´�:	w�Ä 
�!”�È
X5$�1 SPRT�62«�ö.ž)·,´�*.p�:5Y.�#{P¼K¯�Ö�9�Ù�¾ MCCT

,´�Ä+X�ÄL¿�j5Y�ÿ�ÄFinkelman, 2008; Huebner & Fina, 2015�Å!“�_@��ãB�L�NÈ,´�0/ý�é#��Ö

	£�²�Ì>ÛB��Õ�;�•,´�Œ1„	ý�Ä
XE³�W�²)·�:�=�J�i
��ƒ�}�)>ÛB�,´�62«�T�Ý�ÈFÓ�x!”�&�ï5�

�•#{P¼�_
8*6,´�Ä 

M-SCSPRT?ô�I�_�0/ý�6L¿�j5Y�ÿ�> C-SPRT-(5�
8,´�J5$�l'f"�4ø!’?ô�I�È�³
X�¼�¤

�
+‰�œ�?�Ä11�Å�p�Ê�y�T�Ý�ö�I,´�*.p�:�È�)	Ï�\M0?±5�5��Œ1„,´>ÛB�𝑖𝑖 �½!QF�>|�T�Ý�Ä�§�ƒ


`B$�È M-SCSPRT�9'—1y�?�Ä4 �Å8#1y�?�Ä 7�ÅAÑ1Ç4Ö�•�;,´�l'f"�5�AÑGÿ𝐶𝐶 𝑖𝑖𝑗𝑗′�È�¦AÑ1Ç>ÛB�

�Œ1„8#�0�W#{P¼K¯�Ö𝐽𝐽�&�È�)>ÛB�,´�62«�T�Ý�>�ƒ�}�08$,´�²)· 

𝑃𝑃�𝐷𝐷𝐽𝐽 = 𝐷𝐷𝑗𝑗′�𝐶𝐶𝑖𝑖𝑗𝑗′�, (14) 

�¦�]𝐷𝐷 𝑗𝑗′>˜/j>ÛB��Œ1„�¼𝑗𝑗′FƒNÈ-��&�È�)>ÛB�,´N´�62«�×𝐷𝐷 𝐽𝐽>˜/j>ÛB��Œ1„�¼𝐽𝐽FƒNÈ-��&�È

�)>ÛB�,´�04ø�62«�ÄN´�62«,´�T�Ý�ö�I�>�0�W#{P¼K¯�Ö�;�l'f"��ðP¼,´�T�Ý�ö�I�08$�È	£ 

�
𝐷𝐷𝑗𝑗′ = 𝑛𝑛,     𝐶𝐶𝑖𝑖𝑗𝑗′ ≤ 𝐶𝐶0
𝐷𝐷𝑗𝑗′ = 𝑚𝑚,    𝐶𝐶𝑖𝑖𝑗𝑗′ > 𝐶𝐶0

. (15) 

+a�œ�?�Ä11�Å�È
X 2.2.1 8²�pF ,´�9/ý�l'f"��ðP¼�]�È9�𝑗𝑗 ′ < 𝐽𝐽�D𝐶𝐶𝑙𝑙 < 𝐶𝐶𝑖𝑖𝑗𝑗′ < 𝐶𝐶𝑢𝑢�È#{P¼�6

5�5�F�>|�Ä�v�_�È M-SCSPRT�é#�
X𝑗𝑗 ′ < 𝐽𝐽�&�È�)�œ�?�Ä11 �ÅF�>|�¶�²�;B3�¤�È6<
X𝑗𝑗 ′ = 𝐽𝐽�&

�=
��È 

�
�Œ!’#{P¼,𝐾𝐾 = 𝑗𝑗′,𝐷𝐷 = 𝑛𝑛   9�{ 𝐶𝐶𝑖𝑖𝑗𝑗′ ≤ 𝐶𝐶𝑙𝑙}�F{𝐶𝐶𝑙𝑙 < 𝐶𝐶𝑖𝑖𝑗𝑗′ ≤ 𝐶𝐶0,𝑃𝑃(𝐷𝐷𝐽𝐽 = 𝑛𝑛|𝐶𝐶𝑖𝑖𝑗𝑗′) ≥ 1 − 𝜖𝜖1}

�Œ!’#{P¼,𝐾𝐾 = 𝑗𝑗′,𝐷𝐷 = 𝑚𝑚 9�� 𝐶𝐶𝑖𝑖𝑗𝑗′ ≥ 𝐶𝐶𝑢𝑢��F{𝐶𝐶𝑢𝑢 > 𝐶𝐶𝑖𝑖𝑗𝑗′ > 𝐶𝐶0,𝑃𝑃(𝐷𝐷𝐽𝐽 = 𝑚𝑚|𝐶𝐶𝑖𝑖𝑗𝑗′) ≥ 1 − 𝜖𝜖2}

5�5�#{P¼                                                           
V�I

, (16) 

�¦�]�È 𝜖𝜖1�>𝜖𝜖 2�j�»�xAî�Ê,´�d+|�l�Ä���°,´ Q��.D0¦>˜�>�Ö�ƒ𝜖𝜖 1�>𝜖𝜖 2G-
� 0.05�&�È7-
X

�•�aE³�?#{P¼�62«2î�Ö,´�}���;�W�u5Y.�#{P¼K¯�Ö�ÄFinkelman, 2008, 2010 �Å�Ä  

2.3 �T/ý�à,´ MCCT 4ø!’?ô�I  

2.3.1 Mahalanobis-SPRT 

�²�œ�?�Ä12�Å�pF �È P-SPRT?ô�I�¯+X!W"?D
/ë�)>ÛB�7-�Ë�`AÑ�lF�>|0ªL$�Å�¡�Ä�v�_�È


X CCT �í#{,´�M�OLf!å�È�)>ÛB�7-�Ë,´�`AÑ�°�°�=�O�ö.ž�È P-SPRT�õ�¯+X�0!Q�`AÑ,´7-�Ë

5��Ì𝜽𝜽�𝑖𝑖F�>|�Å�¡
�7-�J�¯𝜽𝜽 �0�=�O0c�Ê�È�þ6<�¡
ý�62«5��Ì�Ä
XQ�5$�õ�³�;F	/ý�¡
ý
�7-�J�T

�j0±�*�Å�Ä
�!”
X�J5$�õ�³�]�È���9!W"?D
/ë�)>ÛB�7-�Ë�lF�>|�Å�¡��F	/ý�Š#��9�µ�v�ç�Ä 

�\�·�*�¾6Š2«�6�À,´�M�#�È���*�*�¾Pœ"?D
/ë,´ Mahalanobis-SPRT?ô�I�È���{�= P-SPRT

,´�:F �=Cã�Ä
X#{P¼�M�O�È�m1Ñ	…�Z>ÛB�7-�Ë�`AÑ�l�¦�=�ö.ž�È�v�_�²�Ì�6�J�Z7-�Ë�`AÑ�l
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5,
8C§�•�È�a
����W8$�ÿ5��*>ÛB�-O�Î7-�Ë�l�p�4,´93
$�Ä�§�ƒ
`B$�È#{P¼�M�O,´7-�Ë�`AÑ

�l�_
X-O�lLtF��:�;#��Ø,´�È6<�¦MŽ�08$
`Q��¾�F�~�¾-O�l�È�p���J�Z7-�Ë�`AÑ�l,´
w�l�È

�°�°�a�$�Ð�ÕF�-O�l�Ä
. 1 >˜/j��
=>ÛB�
X�0�Z�¼5$#{P¼E÷0;�]�È�¦7-�Ë�`AÑ�lL¿�Œ1„NÈ-�

� Gÿ
�	F6<
�	F,´�õ�å�Ä�¦�]�È;
8¢,´�9@��’&é��>˜B�>ÛB�,´7-�Ë-O�l�È4Ò8¢,´
6�’&é��>˜

�)>ÛB�7-�Ë,´�`AÑ�l�È4Ò8¢Cº$!>˜/j�Ç�`B�7-�Ë�`AÑ�l�&>ÛB��Œ1„,´NÈ-�� GÿCº�J�Ä+a
. 1


���-;�`�Ö
X>ÛB��Œ1„,´NÈ-�� GÿE³�A�&�È>ÛB�,´7-�Ë�`AÑ�l�>-O�l-(��E³�W�Ä�v�>!”
<�&�È


X�T�Z5$�Ö�:�È7-�Ë�`AÑ�lG-�_
$5�-O�l�:�;#��Ø,´�Ä
�!”�È
X#{P¼�M�O�È�J�Z7-�Ë�`AÑ�l

,´
w�l�a7-�O�)>ÛB�7-�Ë-O�lF�>|"�E³�ö.ž,´�ÿF �Ä 

 


. 1 �¼5$�õ�³�;��
=>ÛB�,´7-�Ë�`AÑ�lL¿�Œ1„NÈ� ,´
�	F
. 

5,�:�È�¯+X�6+|�"4ï�F�"M’�:,´&é�]�È� �̀��"�Ç�`,´�J�Z7-�Ë�`AÑ�l,´
w�l��,´Pœ"?D


/ë�0F�,´&é�Œ�j𝜽𝜽 �0�ÄF	�•!“�_ Mahalanobis-SPRT�é#�,´�Š#��Å"� P-SPRT�]-$�Õ�¯+X�6+|

�"4ï�F�"M’�:�`𝜽𝜽 �𝑖𝑖,´!W"?D
/ë�0F�,´&é?±�$
8*6�Ä�¾�_�È�A��
����Ê�y Mahalanobis-SPRT?ô

�I�;,´�6+|&é𝜽𝜽 �0�È	£ 

𝜽𝜽�0 = argmin
𝜽𝜽∈𝚯𝚯0

�𝜽𝜽�𝑖𝑖𝑗𝑗′ − 𝜽𝜽�
𝑀𝑀

. (17) 

�¦�]�È ‖·‖𝑀𝑀��>˜Pœ"?D
/ë�×𝜽𝜽�𝑖𝑖𝑗𝑗′ �_>ÛB�𝑖𝑖�Œ1„�¼𝑗𝑗′FƒNÈ-�
>�Ç�`,´𝑗𝑗 ′�Z7-�Ë�`AÑ�l,´
w�l�È

��>˜�)>ÛB�7-�Ë-O�l,´F��l�k+k �Ä�²�Ì�6>ÛB�𝑖𝑖 �Œ1„�¼1\𝑗𝑗FƒNÈ-�
>�Ç�`,´ 𝑝𝑝5$7-�Ë�`AÑ�lAà

�j 𝜽𝜽�𝑖𝑖𝑖𝑖 = �𝜃𝜃�𝑖𝑖𝑖𝑖1,𝜃𝜃�𝑖𝑖𝑖𝑖2, … ,𝜃𝜃�𝑖𝑖𝑖𝑖𝑖𝑖��ÈFÓ�x𝜽𝜽�𝑖𝑖𝑗𝑗′ = �∑ 𝜃𝜃�𝑖𝑖𝑖𝑖1
𝑗𝑗′
𝑗𝑗=1 𝑗𝑗′� ,∑ 𝜃𝜃�𝑖𝑖𝑖𝑖2

𝑗𝑗′
𝑗𝑗=1 𝑗𝑗′� , … ,∑ 𝜃𝜃�𝑖𝑖𝑖𝑖𝑝𝑝

𝑗𝑗′
𝑗𝑗=1 𝑗𝑗′� ��Ä
��F�È

�²�Ì�6F	𝑗𝑗 ′�Z7-�Ë�`AÑ�l,´	•�é��.�LeAà�j𝚺𝚺 𝑖𝑖𝑖𝑖′�ÈFÓ�x�i�žPœ"?D
/ë,´�Ê�y�D�ƒ𝚺𝚺 𝑖𝑖𝑖𝑖′
�F6�Ä	£

�𝚺𝚺𝑖𝑖𝑖𝑖′� ≠ 0�Å�&�È�9 

𝜽𝜽�0 = argmin
𝜽𝜽∈𝚯𝚯0

�𝜽𝜽�𝑖𝑖𝑗𝑗′ − 𝜽𝜽�
𝑀𝑀

= arg min
𝜽𝜽∈𝚯𝚯𝟎𝟎

�(𝜽𝜽 − 𝜽𝜽�𝑖𝑖𝑗𝑗′)𝚺𝚺𝑖𝑖𝑗𝑗′
−1�𝜽𝜽 − 𝜽𝜽�𝑖𝑖𝑗𝑗′�

T
. (18) 
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�Ê�y𝜽𝜽 𝛿𝛿�j𝜽𝜽�𝑖𝑖𝑗𝑗′ �>𝜽𝜽�𝟎𝟎,´��
AGÿ�é
A�:,´	…�}
AGÿ�È	£ 

𝜽𝜽𝛿𝛿 =
𝜽𝜽�𝑖𝑖𝑗𝑗′−𝜽𝜽�0

‖𝜽𝜽�𝑖𝑖𝑗𝑗′−𝜽𝜽�0‖2
. (19) 

.ž�Ê𝜽𝜽�0�>𝜽𝜽 𝛿𝛿
>�ÈMahalanobis-SPRT�9'—1y�?�Ä5 �Å�Ã�Ä 6�Å
¼�Ä7�Å�Ç�` 𝜽𝜽�𝑢𝑢�Ã𝜽𝜽�𝑙𝑙��	ú𝐶𝐶 𝑖𝑖𝑗𝑗′ �È

'f
>�9'—�œ�?�Ä11 �Å�pF ,´�T�Ý�ö�I�)>ÛB�F�>|�62«�Ä 

M0?±�7�*,´�_�È�œ�?�Ä 17�Å�]�9�T�4�> P-SPRT�p�Ê�y,´�œ�?�Ä12 �Å�=
<�Ö1\�0�È Mahalanobis-

SPRT�¯+X���"�Ç�`,´�J�Z7-�Ë�`AÑ�l,´
w�l�Ä𝜽𝜽 �𝑖𝑖𝑗𝑗′ �Å�����/ P-SPRT�],´	…�Z7-�Ë�`AÑ�l�×

1\�¼�ÈMahalanobis-SPRT�¯+XPœ"?D
/ë�Œ�jD
/ë,´�ÖGÿ�é�?�È6<MŽ P-SPRT�],´!W�?D
/ë�Ä

�k�{�È Mahalanobis-SPRT�à?ô�I�¯+X>ÛB�7-�Ë,´�03+�G�¿C_�`AÑ�l�È�¦�6�6+|�"4ï�F�"M’�:

D
�¦
w�l�0F�,´&é�Œ�j𝜽𝜽 �0�×-(E³�¾ P-SPRT�¯+X	…�07-�Ë�`AÑ�lF�>|�Å�¡�È�à?ô�I*6�Ä7-�O

9ç�Ç�$�Ð0c�•,´5��Ì�Ä 

2.3.2 M-SCGLR ?ô�I  

Huebner
¼ Fina�Ä2015�Å���*,́ SCGLR?ô�I�6L¿�j5Y�ÿ,´�é#��> GLR -(5�
8�È
X�
�1

#{P¼�62«2î�Ö,´�}���;7-�O5Y.�#{P¼K¯�Ö�Ä
�!”�È�\�·�6 SCGLR�é#��Ø�¯8# MCCT �õ�³�È

�¦�Ç�`�J5$,´ SCGLR?ô�I�ÄAà�j M-SCGLR�Å�Ä M-SCGLR-$�Õ"ï+X M-GLR ,´�é�?�´FP GLR

5�AÑGÿ�È�²1y�?�Ä13�Å�p/j�Ä 

�v�_�È
X�)>ÛB�F�>|�62«�T�Ý�&�È M-SCGLR G÷+X,´�_L¿�j5Y�ÿ�é#��È	£�)�œ�?�Ä11 �Å


X𝑗𝑗 ′ < 𝐽𝐽,´�õ�å�;F�>|�²�;B3�¤�Ö 

�
�Œ!’#{P¼,𝐾𝐾 = 𝑗𝑗′,𝐷𝐷 = 𝑛𝑛   9�{ 𝐶𝐶𝑖𝑖𝑗𝑗′ ≤ 𝐶𝐶𝑙𝑙}�F{𝐶𝐶𝑙𝑙 < 𝐶𝐶𝑖𝑖𝑗𝑗′ ≤ 𝐶𝐶0,𝑃𝑃(𝐷𝐷𝐽𝐽 = 𝑛𝑛|𝐶𝐶𝑖𝑖𝑗𝑗′) ≥ 1 − 𝜖𝜖1}

�Œ!’#{P¼,𝐾𝐾 = 𝑗𝑗′,𝐷𝐷 = 𝑚𝑚 9�� 𝐶𝐶𝑖𝑖𝑗𝑗′ ≥ 𝐶𝐶𝑢𝑢��F{𝐶𝐶𝑢𝑢 > 𝐶𝐶𝑖𝑖𝑗𝑗′ > 𝐶𝐶0,𝑃𝑃(𝐷𝐷𝐽𝐽 = 𝑚𝑚|𝐶𝐶𝑖𝑖𝑗𝑗′) ≥ 1 − 𝜖𝜖2}

5�5�#{P¼                                                           
V�I

, (20) 


X�œ�?�Ä20�Å�]�È 

𝑃𝑃�𝐷𝐷𝐽𝐽 = 𝑛𝑛�𝐶𝐶𝑖𝑖𝑗𝑗′� = 1 − 𝑃𝑃�𝐷𝐷𝐽𝐽 = 𝑚𝑚�𝐶𝐶𝑖𝑖𝑗𝑗′� ≈ Φ�
𝐶𝐶0−𝔼𝔼𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′�
�Var𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′�

�, (21) 

�¦�]�È 

𝔼𝔼𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′� = 𝐶𝐶𝑖𝑖𝑗𝑗′ + ∑ 𝔼𝔼𝜽𝜽 �log
sup

𝜽𝜽1∈𝚯𝚯𝑚𝑚
�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
�𝐽𝐽

𝑗𝑗=𝑗𝑗′+1 , (22) 

Var𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′� = ∑ Var𝜽𝜽 �log
sup

𝜽𝜽1∈𝚯𝚯𝑚𝑚
�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
�𝐽𝐽

𝑗𝑗=𝑗𝑗′+1 , (23) 

�¦�]�È Φ(·)�j�7�ö!“�1�6�3,´�6�3�-� �Ä�œ�?�Ä 21�Å�Ã�Ä 22�Å
¼�Ä23�Å,´�§�ƒ�Ø�,E÷0;�È

�O�¤CÓ,´B+65
�	ò?ñLt�… 1�Ä 
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M0?±#��?,´�_�È�ƒ7-�O�»�x.�Fƒ1\𝑗𝑗 ′ + 1FƒNÈ�`1\𝐽𝐽FƒNÈ-�,´F9
��&�È�:F AÑ1Ç�¦�=
 Lî�Ä

�v
X8�F2�Ä�¿C_F9NÈ,´�õ�³�;�È��#����}9ç.��Õ�;�•,´NÈ-��Ä!”�&�È�jAÑ1Ç1y�?�Ä22�Å�>�Ä 23�Å�È


����¯+X�04ô
8F2,´NÈ-��/��>ÛB��Õ�;�•?±�ÎLu�Œ1„,´NÈ-��Ä"��²�È�ƒ�¯+X D �0�HF9NÈ1†

+•�&�Ä	£�0�W	F Fisher���Ÿ.�Le,´>|�G�?�Å�È
����*�¾�ƒ�},´7-�Ë�`AÑ�lAÑ1Ç�p�9�™�‰NÈ-�

,´ Fisher���Ÿ.�Le,´>|�G�?�È'f
>F9���l�0�W,´𝐽𝐽 − 𝑗𝑗′FƒNÈ-��Œ�j�/��,´NÈ-��Ä	…5$�õ�’�;

,´.D0¦>˜�>�Ö�ƒ�¯+X�/��NÈ-��&�ÈM0F2�ƒ�ÿ�?KIB�)·𝜖𝜖 1
¼𝜖𝜖2,´�l�ÄFinkelman , 2008�Å�Ä  

3 �ÎP¼ 

�\.D0¦G÷+X R 3.4.2 8�5FAÑ1Ç�j0;�¿�0�… Q��.D0¦�È�¡�9�T�Z.D0¦-�,´�Ö�Ä1 �Å�6�à���*

,´ 2 /ý MCCT 4ø!’?ô�I�Ä	£ Mahalanobis-SPRT
¼ M-SCGLR�Å�>�"�9,´ 4 /ý4ø!’?ô�I�Ä	£

C-SPRT�ÃP-SPRT�ÃM-GLR ��	ú M-SCSPRT�ÅF�>|"�E³�È�¦Aô�'�³��
X#{P¼2î�Ö
¼#{P¼�x)·

�T�éM’,´>˜)à����/j
4/ý�é#�,´�H5j&é��	úF2+X�õ�³�×�Ä2 �Å�)"��:F 6 /ý4ø!’?ô�I�)�¾�§�9

(©�Ê7-�Ë"d�£,´>ÛB�,´�62«>˜)à�È���Ò0¦
4/ý?ô�I�)(©�Ê>ÛB�,´�62«�•�O�Ö�_
V�ˆ
X�>�n��

�2�Ä 

63<•�`�=
<NÈ�Ã5��´�Ã7-�Ë5$�ÖL$-(�£	ú7-�Ë�6+|�"4ï�J�) MCCT ,´5��Ì�×+O�¡
ý�È

�\.D0¦Aî5ž 2 /ýNÈ�Ã5��´�Ã3 /ý7-�Ë5$�ÖL$,´-(�£"d�£
¼ 2 /ý�6+|�"4ï�È�) 6 /ý MCCT 4ø

!’?ô�I�…�0 Q��.D0¦�È�•	£G÷+X 2×3 ×2 ×6 ,´�ÎP¼AîAÑ�Ä�¡�×+O 72 /ý�ÎP¼�‘�&�È12 /ý

MCCT #{P¼�õ�³�Å�Î)à.D0¦-�,´�0�Ä
��F�È�\.D0¦F��6�[F9
�M•F��FF�/ë7-�Ë�62«�"4ï,´ 36

/ý(©�Ê7-�Ë
��l,´>ÛB�	ú 2 /ý�6+|�"4ï���Î)à.D0¦-�,´�¼�Ä 

3.1 NÈ�Ã�>>ÛB�+O�@ 

MIRT ,´.D0¦�]FJ�h63<•�T/ýNÈ�Ã5��´�È	£NÈ-��µ�J5$�Äw ithin-item multidimensionality�Å


¼NÈ-�L$�J5$�Äbetween-item multidimensionality�Å�Ä�¦�]�ÈNÈ-��µ�J5$�_�7NÈ�Ã�],´!ÿFƒNÈ-�


w#{Gÿ�0�Z�F�J�Z5$�Ö�È6<NÈ-�L$�J5$�I�_�7NÈ�Ã�],´!ÿFƒNÈ-��9�D�õ#{Gÿ�0�Z5$�Ö

�ÄHartig & Höhler, 2008; Wang & Chen, 2004�Å�Ä+a�¾NÈ�Ã5��´�J�)>ÛB�7-�Ë
AGÿ,´�`AÑ2î�Ö

�×+O�¡
ý�ÄChen & Wang, 2016�Å�È
�!”�\�·�9'—�œ�?�Ä1 �Å�p�Ê�y,´ MIRT  Q
»+O�@�T�ZMCCT

NÈ�Ã�ÖNÈ�Ã1 G÷+XNÈ-��µ�J5$,´5��´�ÈNÈ�Ã 2 G÷+XNÈ-�L$�J5$,´5��´�È!ÿ�ZNÈ�Ã
w	5
[ 900

FƒNÈ-��ÄNÈ�Ã1 �]!ÿFƒNÈ-�G-#{Gÿ�T�Z5$�Ö�Ä	£𝑝𝑝 = 2�Å�È+a!”
�AàNÈ�Ã�],´NÈ-�	ò� 
AGÿ�j

𝛄𝛄 = (𝑎𝑎1,𝑎𝑎2,𝑑𝑑, 𝑐𝑐)𝑇𝑇�ÄNÈ�Ã2 �],´�0	zNÈ-��õ#{Gÿ1\�0�Z5$�Ö�È
��0	z�I�õ#{Gÿ1\�¼�Z5$�Ö�Ä

�j�¯ Q���õ�³�m
�7-
`�ÕF�)à�Î�õ�å�È�\.D0¦�9'— Nydick�Ä2013�Å,´�Š#� Q��
4�Z	ò� �Ö 

�Ä1�Å𝑎𝑎1
¼𝑎𝑎2	ò� �Ä�þ
w�l�j𝜇𝜇 𝑙𝑙𝑙𝑙𝑙𝑙 = 0.5�Ã�7�ö���j𝜎𝜎 𝑙𝑙𝑙𝑙𝑙𝑙 = 0.1,´�)� !“�1�6�3�]L¿�j�í
�
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	j�6�Ö	ò� 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 �Ä	£ �𝑎𝑎12 + 𝑎𝑎22�Å�Ä�¾�_
XNÈ�Ã 1 �]�È
����þ
w	0�6�3𝑈𝑈 (0,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐶𝐶2)�]�í
�

𝑎𝑎12�È�I𝑎𝑎 2
2 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝐶𝐶2 − 𝑎𝑎12�×6<
XNÈ�Ã2 �]�ÈAî5ž�)�Ä5$�Ö,´𝑎𝑎 	ò� 1y�¾𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 	£
��Ä 

�Ä2�Å𝑑𝑑
¼𝑐𝑐	ò� �Ä�þ𝑈𝑈 (−3.5, 3.5)�]L¿�j�í
��>Lî�Ö-(�£,´	ò� 𝑏𝑏 �Ä+a!”�È
XNÈ�Ã 1 �]�È

�>�{-(�£,´	ò� 𝑑𝑑 = −𝑏𝑏 ∙ 𝐚𝐚𝟏𝟏�È�¦�] 𝟏𝟏�_�s3P�˜�j 1 ,´ 2 5$�G
AGÿ�×
XNÈ�Ã2 �]�È 𝑑𝑑�j𝑏𝑏 
¼�)�Ä

5$�Ö,´𝑎𝑎 	ò� ,´�ˆ0�,´CO�l�Ä!”�F�È
*�Ê	ò� 𝑐𝑐 �j 0.2�Ä  


��0�éM’�È�\�· Q�� 3000
=>ÛB�	ò�>#{P¼�È>ÛB�,´7-�Ë
AGÿ𝜽𝜽 = (𝜃𝜃1,𝜃𝜃2)𝑇𝑇L¿�j�í
�8� 
w

�l
AGÿ�j𝛍𝛍 = (0, 0)�Ã	•�é��.�Le�j𝚺𝚺 = �1 𝜌𝜌
𝜌𝜌 1�,´�¼5$!“�1�6�3 MVN (𝛍𝛍,𝚺𝚺)�È�¦�] 𝜌𝜌 = 0�Ã0.5


¼ 0.8�È�6�[�)�Ä7-�Ë5$�ÖL$"Ñ�9-(�£�Ã�]1y-(�£
¼Q��Ö-(�£ 3 /ý"d�£�ÄChen et al., 2017�Å�Ä

!” �F �È� \ � ·  Q� � 36 �Z(©�Ê,´7- �Ë
AGÿ� l (𝜃𝜃1,𝜃𝜃2)+X�¾� Î )à.D0¦- � , ´ �¼�È� ¦ � ]𝜃𝜃 1,𝜃𝜃2 ∈

{−0.5,−0.3,−0.1, 0.1, 0.3, 0.5}�Ä6 �Z&é
X�T�Z5$�Ö�:�¼�˜�Ô	ù�¡�’�@ 36 �Z&é�Å�È!ÿ�Z7-�Ë&é

�:+O�@500
=>ÛB�	ò�>#{P¼�Ä 

�) Q��+O�@,´� �žF�>|�ÿF 5�AÑ�È�Ç�`,´5��Ì�²>˜ 1 �p/j�Ä  

>˜ 1 .D0¦ 1 �]
4	ò� ,´�ÿF 5�AÑ>˜  

 NÈ�Ã1�ÄNÈ-��µ�J5$�Å NÈ�Ã2�ÄNÈ-�L$�J5$�Å >ÛB��Ä𝝆𝝆= 𝟎𝟎�Å >ÛB��Ä𝝆𝝆= 𝟎𝟎.𝟓𝟓�Å >ÛB��Ä𝝆𝝆= 𝟎𝟎.𝟖𝟖�Å 

5�AÑGÿ 𝑎𝑎1 𝑎𝑎2 𝑑𝑑 𝑐𝑐 𝑎𝑎1 𝑎𝑎2 𝑑𝑑 𝑐𝑐 𝜃𝜃1 𝜃𝜃2 𝜃𝜃1 𝜃𝜃2 𝜃𝜃1 𝜃𝜃2 

�£
w�  1.103 1.098 0.086 0.200 0.830 0.833 0.131 0.200 –0.010  0.021 0.022 0.006 –0.016  –0.025  

�7�ö�� 0.428 0.414 4.348 0.000 0.839 0.842 3.336 0.000 0.998 0.996 1.011 0.991 0.999 1.000 

�0�?�l 0.038 0.040 –9.327  0.200 0.000 0.000 –6.281  0.200 –3.331  –3.125  –3.614  –3.196  –4.016  –3.267  

�0�W�l 2.285 2.065 8.873 0.200 2.196 2.329 7.220 0.200 3.252 3.332 4.269 3.071 3.264 3.712 

-(�£3+� .�Le 1 –0.7 82 –0.0 11 — 1 –0.981  –0 .001 — 1 –0.002  1 0.486 1 0.803 

 0.782 1 0.009 — –0.981  1 0.004 — –0.002  1 0.486 1 0.803 1 

 –0.01 1 0.009 1 — –0 .001 0.004 1 —       

#��Ö>̃ 1 �]�õ
x)à�j�Î)à.D0¦-�,´�06<+O�@,´
4	ò� ,´�ÿF 5�AÑGÿ�ÈF	�_
��j.D0¦-�,´�¼�_J¸�) 36 /ý(©�Ê

7-�Ë�l,´>ÛB��Ä 

3.2 MCCT ,´ Q��0;�¿�ÿF  

�þ7-�Ë�`AÑ�é#��ÃF9NÈ1†+•��	ú4ø!’?ô�I1y�9�Z�éM’�) MCCT ,´ Q��E÷0;F�>|�ÿF �Ö 

�Ä1�Å7-�Ë�`AÑ�é#� 

�\.D0¦G÷+X4Ö�•,´�±�W�l'f�`AÑ#��ÄMaximum Likelihood Estimation , MLE�Å�`AÑ>ÛB�,´

7-�Ë
AGÿ�l𝜽𝜽 �ÈAà�j𝜽𝜽��È	ò� ,´�`AÑ93
$L€�Ê
X[ −4, 4] × [−4, 4],´!“�é�’	j���È�œ�?�²�;�È 

𝜽𝜽� = arg max
𝜽𝜽∈[−4,4]×[−4,4]

{log[𝐿𝐿(𝜽𝜽|𝐘𝐘)]}. (24) 

�§�ƒ,´�`AÑE÷0;+a R 3.4.2�],´ donlp2�-� �Î)à�Ä  

�Ä2�ÅF9NÈ1†+• 
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�i�ž���°.D0¦�ÄNydick, 2013; Segall, 1996 �Å�È�¯+X4ÿ�¨,´ D �0�H�Ä D-optimality�Å1†+•F9


�NÈ-��Ä D �0�H1†+•F9���0�W	F Fisher���Ÿ.�Le,´>|�G�?,´NÈ-��È�³1y�'�¾F9���0�?	F�Z.�

	ò� 	•�é��.�Le,´>|�G�?�Ä	£𝜽𝜽 ,´5ž���]*3�ƒ0��Å,´NÈ-��ÄJ¸�)�Ä1 �Å�?�Ê�y,´ MIRT  Q
»�È

�+�0NÈ-�𝑗𝑗 ,´ Fisher���Ÿ.�Le�j�È 

𝐼𝐼𝑗𝑗(𝜽𝜽) = −𝔼𝔼 �∂
2 log�𝐿𝐿�𝜽𝜽�𝑌𝑌��

𝜕𝜕𝜽𝜽𝜕𝜕𝜽𝜽T
� = �1−𝑝𝑝𝑗𝑗(𝜽𝜽)��𝑝𝑝𝑗𝑗(𝜽𝜽)−𝑐𝑐𝑗𝑗�

2

𝑝𝑝𝑗𝑗(𝜽𝜽)�1−𝑐𝑐𝑗𝑗�
2 𝐚𝐚𝑗𝑗𝐚𝐚𝑗𝑗T. (25) 


X Q��,´�¼5$�õ�³�;�È�:F Fisher ���Ÿ.�Le�_�0�Z2 × 2,´.�Le�Ä
XF9��1\𝑗𝑗 FƒNÈ-��&�È

�£�¾𝜽𝜽 ,´ Fisher���Ÿ.�Le�_���"�Œ1„,´𝑗𝑗 − 1FƒNÈ-�,´���Ÿ.�Le���>���IF9,´1\𝑗𝑗 FƒNÈ,´���Ÿ.�

Le���{
¼�Ä�•	£ ∑ 𝐼𝐼𝑘𝑘(𝜽𝜽)𝑗𝑗−1
𝑘𝑘=1 + 𝐼𝐼𝑗𝑗(𝜽𝜽)�Å�Ä+a!”�È>ÛB�7-�Ë�`AÑ�l,´5ž���]*3,´�ƒ0��j�È 

Var (𝜽𝜽) = �∑ 𝐼𝐼𝑘𝑘(𝜽𝜽)𝑗𝑗−1
𝑘𝑘=1 + 𝐼𝐼𝑗𝑗(𝜽𝜽)�

−1
, (26) 

�¯+X D �0�H1†+•F9��,´1\𝑗𝑗 FƒNÈ-��a�_�™�‰NÈ�Ã�]�¯�Ç�œ�?�Ä26�ÅEî�`�0�?,´NÈ-��Ä 


��F�È+a�¾
X#{P¼�M�OLî��9ç�Ç�)>ÛB�7-�Ë,´�ö.ž�`AÑ�l�ÄChang  & Ying, 1996�Å�ÈLî��

Eî�`2î�öF9NÈ,´-�,´�Ä
�!”�È�\.D0¦�]!ÿ!Q#{P¼,´�} 4 FƒB�NÈ�þNÈ�Ã�]L¿�j�í
��×+O�Ä 

�Ä3�Å4ø!’?ô�I�>�6+|�"4ï 

�\.D0¦G÷+X C-SPRT�ÃP-SPRT�ÃM-GLR�ÃM-SCSPRT�ÃMahalanobis-SPRT�ÃM-SCGLR1y

6 /ý?ô�I4ø!’#{P¼�Ä�9'— Thompson�Ä2010�Å,´Aî5ž�ÈF	Gü��𝛼𝛼 = 𝛽𝛽 = 0.1�D𝜖𝜖1 = 𝜖𝜖2 = 0.025�Ä

�j63���=
<2«
»,´�6+|�"4ï�)5��Ì,´�¡
ý�È�\.D0¦Aî5ž�T/ý�6+|�"4ï�Ö>•�¯�W�6+|�"4ï
¼MŽ

>•�¯,´�6+|�"4ï�Ä�¦�]�È>•�¯�W�6+|�"4ï�_�7�=
<5$�ÖL$,´7-�Ë�_FJE÷4ï�W4ô
8,´�é�?5�
8


X�0C§�È!”�&>ÛB�
X���Z5$�Ö�:7-�Ë,´�=Cã
���+a�¦
X�¦��5$�Ö�:,´Q�7-�Ë�•>•�¯�Ä
V�I�È

�ƒ>ÛB��=
<5$�ÖL$,´7-�Ë��#�-(�Â>•�¯�&�È	£�jMŽ>•�¯�W�6+|�"4ï�Ä	ò63 Nydick�Ä2013�Å,́

�Š#��È�\.D0¦F9
�,´>•�¯�W�6+|�"4ï�j 𝑔𝑔(𝜽𝜽) = 𝜃𝜃1 + 𝜃𝜃2 = 0�ÈMŽ>•�¯,´�6+|�"4ï�j𝑔𝑔 (𝜽𝜽) =

�𝜃𝜃1 = 0,𝜃𝜃2 ≥ 0
𝜃𝜃2 = 0,𝜃𝜃1 > 0�Ä�•	£1K	‘�D
€�73+�]�´�@1\�0B‘L€,´
€�7E¤�Å�Ä 

3.3 Aô�'�7�7  

F9 � � �£ 
w#{P¼K¯ �Ö�ÄAverage Test Length, ATL �Å�Ã! “ .ž �62«) · �ÄPercent of Correct 

Classification, PCC�Å��	ú�•�a�-� �Äloss �ÅAô�'!ÿ/ý4ø!’?ô�I�Ä 

ATL �_��/ý#{P¼�õ�³�;�p�9>ÛB�,´�04ø#{P¼K¯�Ö,´�£
w�l�È
X�0�Ê0;�Ö�:	ý�P#{P¼�x

)·�ÄPCC �_>Û!“.ž�62«,´>ÛB�	•B�#{P¼�õ�³�;�p�9>ÛB�,´"��»�È	ý�P#{P¼�62«2î�Ö�Ä

Finkelman�Ä2010�Å�Ê�y,´ loss�_�)��!Q#{P¼,´#{P¼2î�Ö
¼�x)·,´5,
8Aô�'�7�7�È 

loss = 𝑅𝑅 × 𝟏𝟏𝑊𝑊 + 𝐾𝐾, (27) 
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�¦�]�È𝟏𝟏 𝑊𝑊>˜/jKIB��62«,´/j�W�-� �Ä�ƒ�)>ÛB�KIB��62«�&
��l�j 1�È�ƒ"Ñ�9B��T�&
�

�l�j 0�Å�× 𝑅𝑅>˜/jKIB��62«,´��5Š0;�Ö�È�08\�jMŽCO�l�È�¦
��lCº�W�a>˜/j�)KIB��62«,´��5Š

Cº�W�È	£�)2î�Ö,´?±"rCºQ��Ä
XAÑ1Ç�&M0+a.D0¦65�i�ž#{P¼�)KIB��62«,´	¼�¦0;�Ö5	�Ê�Å�×

𝐾𝐾
¼�}�·�0�g�È>˜/j>ÛB��04ø�¼�@#{P¼�&�ÎLu�Œ1„,´NÈ-�� �Ä
X��!Q#{P¼�]�È�²�Ì�6>ÛB�KI

B��62«�Èloss ,´�l�j��5Š�l𝑅𝑅 �>B�!Q#{P¼,´K¯�Ö�{
¼�×
V�I�Èloss ,´�l�a1y�¾B�!Q#{P¼,´K¯

�Ö�Ä�²�Ì
X�J!Q#{P¼�]
*�Ê𝑅𝑅 �È�¦�6�?�Ä2 7�Å
��£
w�È	£
��Ç�`�£
w�•�a�È 

loss����� = 𝑅𝑅 × (1 − PCC) + ATL, (28) 

+a!”�È�£
w�•�a�_�0/ý5�
8 PCC
¼ ATL ,´5,
8Aô�'�7�7�Ä�§�ƒ
`B$�È𝑅𝑅 .ž�Ê
>�È�)�¾

���Z4ø!’?ô�I6<@0�È�¦ PCCCº�W�DATL Cº�?�È�I�£
w�•�a�aCº�?�È>˜/jB��é#�>˜)àCº�­�×

-(	ý
`�È PCCCº�?�ÈATL Cº�W�È�£
w�•�a�aCº�W�È>˜/jB��é#�>˜)àCº���Ä�i�ž�£
w�•�a,´�W

�?�È�a
����7�,�ÎLu#{P¼�]4ø!’?ô�I,´F9���Ä 

4 5��Ì  

4.1 
4/ý?ô�I,´�62«2î�Ö�>�x)·  


. 2 
x)à�¶ 6 /ý4ø!’?ô�I
X
4/ý MCCT #{P¼�õ�³�;,´ ATL 	ú PCC5��Ì�Ä  
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. 2 6 /ý4ø!’?ô�I
X
4/ý#{P¼�õ�³�;,´5��Ì�)"�
. 


X
. 2 �]�È�i�ž�_
VG÷+XL¿�j5Y�ÿ�°�_
����6 6 /ý?ô�I�6�j�T2«�Ä
X�p�9,´ 12 /ý#{P¼

�õ�³�]�È�ZG÷+XL¿�j5Y�ÿ�°�_,´ C-SPRT�ÃP-SPRT�ÃM-GLR ��	ú�à���*,´ Mahalanobis-SPRT

?ô�I,´ PCC
wE³Q��È6<G÷+XL¿�j5Y�ÿ�°�_,´ M-SCSPRT��	ú�à���*,´ M-SCGLR,´ PCC-(

�)E³�~�Ä�v�•G-
X 80%���:�Å�Ä�>!”
<�&�ÈG÷+XL¿�j5Y�ÿ�°�_,´ 2 /ý?ô�I,´ ATL �>�n�~�¾�Z

G÷+XL¿�j5Y�ÿ,´ 4 /ý?ô�I�Ä�•�a�_B$�ÈL¿�j5Y�ÿ,´�é#��m1Ñ
�7-�•�a�0�Ê,´�62«2î�Ö�È�v7-

E³�W�u�Ö
`5Y.�>ÛB��Œ1„,´#{P¼K¯�Ö�Ä 

63���\.D0¦���*,´�T/ý�à�é#�,´>˜)à�Ä�)�¾�\�·���*,´ Mahalanobis-SPRT�È
X>•�¯�W�6

+|�"4ï,´�õ�³�;�È�¦�k�ƒ�:�§�9E³Q�,´ PCC�Ö
XNÈ-�L$�J5$�&�ÈB��é#�,´ PCC�õ�õ+•�~�¾

>˜)à�0�­,´ P-SPRT�é#��È6<
XNÈ-��µ�J5$�&�ÈB��é#��§�9 6 /ý�é#��]�0Q�,´ PCC�×6<
XMŽ

>•�¯�W�6+|�"4ï,´�õ�³�;�È<­'fB��é#�,´ PCC�~�¾�¦���Z�¯+XL¿�j5Y�ÿ,´�é#��È�v�_ ATL

�•�9-(�Ä,´L}�~�È6<�D
���-;�`�¦>˜)àL¿7-�Ë5$�ÖL$-(�£,´	wQ��9�$�W�i�´�Ä�)�¾�\�·���*

,´
��0/ý4ø!’?ô�I�Ä	£ M-SCGLR�Å�È
X���~�p�9#{P¼�õ�³�;�È-("��¾
<�gG÷+XL¿�j5Y�ÿ,´
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M-SCSPRT�È�³,´ PCC�9E³�W��Q��È6< ATL �Î�Ð,´	¤�¦�=�J�Ä
X�¯+XMŽ>•�¯�W�"4ï
¼NÈ-�

�µ�J5$,´�õ�³�;�ÈM -SCGLR,´ PCC+J8#7-�O�ÕF��ZG÷+XL¿�j5Y�ÿ�°�_,´?ô�I,´"d�£�Ä 

63��7-�Ë5$�ÖL$,´-(�£"d�£�)
44ø!’?ô�I,´�¡
ý�È
���
�)à�ÖL¿-p7-�Ë5$�ÖL$-(�£3+� 

𝜌𝜌,´�Î�Ð�È6 /ý4ø!’?ô�I,´ ATL �9�ÿ�A,´C»�ï�È6< PCC �I�9	wQ�,´C»�ï�Ä�� Mahalanobis-

SPRT?ô�I�j�»�ÈL¿-p𝜌𝜌 ,´�Î�Ð�È�¦
X!ÿ�Z𝜌𝜌 �l�;,´
�/ý#{P¼�õ�³Gü,´�£
w PCC+a0.916F@$@

�Î�Ð�` 0.925
¼ 0.942�È6<�£
w ATL �I+a 57.037�;L}�` 54.437
¼ 52.384�Ä63���6+|�"4ï�)


44ø!’?ô�I,´�¡
ý�È
���
�)à�Ö-("��¾MŽ>•�¯,´�6+|�"4ï�È 6 /ý4ø!’?ô�I
X���~�p�9,´>•�¯

�W�6+|�"4ï�õ�³�;,´ ATL 
w�9�p�;L}�È6< PCC�I�9�p	wQ��Ä63��NÈ�Ã5��´�)
44ø!’?ô�I,´

�¡
ý�&�È�õ�å�a
��Ç�=�rC§�•�Ä+a
. 2 .��È�³�>�6+|�"4ï�J�)
44ø!’?ô�I,´>˜)à�×+O�Ô�Â�Œ

+X�Ä�•�a�_B$�È
X>•�¯�W�6+|�"4ï,´�õ�³�;�È-("��¾NÈ-�L$�J5$,´�‘�&�È 6 /ý4ø!’?ô�I
XNÈ

-��µ�J5$�‘�&�;,´ ATL 
w�9�p�;L}�È6< PCC
w�9�p	wQ��Ä6<
XMŽ>•�¯�6+|�"4ï,´�õ�³�;�È

6 /ý?ô�I
XNÈ-��µ�J5$�>NÈ-�L$�J5$,´���2�a"Ñ�95��0?ô�»�Ä 


. 3 
x)à,´�_ 6 /ý4ø!’?ô�I
X
4/ý MCCT #{P¼�õ�³�;,´�7�ö	F�£
w�•�a�Ä
.�],´ Z
€

�7��>˜KIB��62«,´��5Š𝑅𝑅 �ÄB�?ñ�œ�?�Ä28�Å�Å�È�¦�þ	jL$ [0,3000]�9!•K¯�j 1 
��l�È�¡�Ç�` 3001

�Z&é�×4å
€�7�_
X
4�Z𝑅𝑅 �l�; 6 /ý?ô�I,´�£
w�•�a,´�7�ö	F�l 1�Ä 

 
1 �i�ž�œ�?�Ä28 �Å�ÈL¿ 𝑅𝑅�l�Î�W�È�£
w�•�a�•�6�=�Ý�Î�W�Ä�j$5� �…/j 6 /ý4ø!’?ô�I,´�£
w�•�a�l,´-(�)�£
3+L¿𝑅𝑅,´
�	FC»�ï�È!”�4
x)à
X
4�Z 𝑅𝑅�l&é�4 6 /ý4ø!’?ô�I�7�ö	F
>,´�£
w�•�a�Ä�7�ö	F
>�È�A��
��£#�
!ÿ�0#{P¼�‘�&�; 6 /ý?ô�I,´-(�)�W�?�£3+�Ä 
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�j𝑃𝑃 �𝐷𝐷𝐽𝐽 = 𝐷𝐷𝑗𝑗′�𝐶𝐶𝑖𝑖𝑗𝑗′��Ä�§�ƒ
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�i�ž Fineklman�Ä2008�Å,´.D0¦�È
����¯+X Siegmund�Ä1985�Å�p�ÿF ,´�°���Ä 𝑃𝑃�𝐷𝐷𝐽𝐽 = 𝑛𝑛�𝐶𝐶𝑖𝑖𝑗𝑗′�

�ÎLu�:	£�j 𝑃𝑃(𝐶𝐶𝑖𝑖𝑖𝑖 ≤ 𝐶𝐶0|𝐶𝐶𝑖𝑖𝑗𝑗′)�Ä�Y+X�)� 
��Ð�W��	ú�]�ó�±L€�Ê*6�È�¯+X5	�Ê𝐶𝐶 𝑖𝑖𝑗𝑗′ �;�‘�&�6�3
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𝑃𝑃�𝐷𝐷𝐽𝐽 = 𝑛𝑛�𝐶𝐶𝑖𝑖𝑗𝑗′� ≈ Φ�
𝐶𝐶0−𝔼𝔼𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′�
�Var𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′�

�. (A1) 

+a�¾𝐶𝐶𝑖𝑖𝑖𝑖�]�\DÛ	5
[𝐶𝐶 𝑖𝑖𝑗𝑗′,´G��6�È�i�ž�)� ,´
��Ð�W	ú�‘�&�O�K,´�WCX�È
��Ç�`�œ�?�ÄA1 �Å

�]𝔼𝔼 𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′�,´AÑ1Ç�È	£ 

𝔼𝔼𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′� = 𝔼𝔼𝜽𝜽 �log
sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝐘𝐘𝑖𝑖𝐽𝐽��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝐘𝐘𝑖𝑖𝑖𝑖��
�𝐶𝐶𝑖𝑖𝑗𝑗′� 

= 𝔼𝔼𝜽𝜽 �∑ log
sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
𝑗𝑗′
𝑗𝑗=1 + ∑ log

sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
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𝑗𝑗=𝑗𝑗′+1 �𝐶𝐶𝑖𝑖𝑗𝑗′� 

= 𝐶𝐶𝑖𝑖𝑗𝑗′ + � 𝔼𝔼𝜽𝜽�log
sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
�

𝐽𝐽

𝑗𝑗=𝑗𝑗′+1
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(A2) 
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Var𝜽𝜽�𝐶𝐶𝑖𝑖𝑖𝑖�𝐶𝐶𝑖𝑖𝑗𝑗′� = Var𝜽𝜽 �log
sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝐘𝐘𝑖𝑖𝐽𝐽��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝐘𝐘𝑖𝑖𝑖𝑖��
�𝐶𝐶𝑖𝑖𝑗𝑗′� 

= Var𝜽𝜽 �∑ log
sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
𝑗𝑗′
𝑗𝑗=1 + ∑ log

sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
𝐽𝐽
𝑗𝑗=𝑗𝑗′+1 �𝐶𝐶𝑖𝑖𝑗𝑗′� 

= � Var𝜽𝜽 �log
sup
𝜽𝜽1∈𝚯𝚯𝑚𝑚

�𝐿𝐿�𝜽𝜽1�𝑌𝑌𝑖𝑖𝑖𝑖��

sup
𝜽𝜽2∈𝚯𝚯𝑛𝑛

�𝐿𝐿�𝜽𝜽2�𝑌𝑌𝑖𝑖𝑖𝑖��
�

𝐽𝐽

𝑗𝑗=𝑗𝑗′+1
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(A3) 

�ÎLu�:�È Huebner
¼ Fina�Ä2015�Å
X	…5$�õ�³�;�"�)F	�0E÷0;F�>|�Ø�,�Ä�>	…5$,´ SCGLR

-("��È
X�\�·63<•,´ MCCT �õ�³�]�È M-SCGLR
��_�6𝐶𝐶 𝑖𝑖𝑗𝑗′�]"r�±�l,´Lö
8+a	…5$,´	jL$
�

�j�J5$0ªL$�],´	j���È
�!”�¦�Ø�,E÷0;�_�08$,´�Ä 

 

 

Lt�… 2 
44ø!’?ô�I,´ Q��5��Ì  

>˜ 2 
. 2 �p�)�Ä,´ Q��5��Ì 

-(�£ �6+|�"4ï NÈ�Ã5��´ 4ø!’?ô�I PCC ATL 

𝜌𝜌 = 0 >•�¯�W NÈ-��µ�J5$ 

C-SPRT 0.948 52.959 

P-SPRT 0.948 49.541 

Mahalanobis-SPRT 0.950 53.216 

M-GLR 0.924 32.241 

M-SCGLR 0.858 18.849 

ch
in

aX
iv

:2
02

10
4.

00
04

5v
1



22 
 

M-SCSPRT 0.807 12.649 

NÈ-�L$�J5$ 

C-SPRT 0.930 61.981 

P-SPRT 0.929 57.835 

Mahalanobis-SPRT 0.930 58.876 

M-GLR 0.904 36.016 

M-SCGLR 0.851 20.848 

M-SCSPRT 0.805 13.504 

MŽ>•�¯�W 

NÈ-��µ�J5$ 

C-SPRT 0.908 69.070 

P-SPRT 0.915 55.622 

Mahalanobis-SPRT 0.873 57.369 

M-GLR 0.916 41.331 

M-SCGLR 0.879 26.151 

M-SCSPRT 0.829 17.048 

NÈ-�L$�J5$ 

C-SPRT 0.931 61.163 

P-SPRT 0.927 58.847 

Mahalanobis-SPRT 0.909 58.686 

M-GLR 0.919 36.718 

M-SCGLR 0.864 20.974 

M-SCSPRT 0.825 14.012 

𝜌𝜌 = 0.5 

>•�¯�W 

NÈ-��µ�J5$ 

C-SPRT 0.949 51.839 

P-SPRT 0.949 46.301 

Mahalanobis-SPRT 0.951 49.922 

M-GLR 0.929 28.306 

M-SCGLR 0.880 16.641 

M-SCSPRT 0.848 12.333 

NÈ-�L$�J5$ 

C-SPRT 0.942 60.648 

P-SPRT 0.943 54.795 

Mahalanobis-SPRT 0.942 55.901 

M-GLR 0.921 32.052 

M-SCGLR 0.879 20.429 

M-SCSPRT 0.836 13.478 

MŽ>•�¯�W 

NÈ-��µ�J5$ 

C-SPRT 0.915 69.277 

P-SPRT 0.918 56.422 

Mahalanobis-SPRT 0.890 54.840 

M-GLR 0.917 41.205 

M-SCGLR 0.879 25.501 

M-SCSPRT 0.843 16.417 

NÈ-�L$�J5$ 

C-SPRT 0.931 65.105 

P-SPRT 0.931 61.374 

Mahalanobis-SPRT 0.917 57.084 

M-GLR 0.925 37.549 

M-SCGLR 0.876 21.250 

M-SCSPRT 0.839 13.966 
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𝜌𝜌 = 0.8 

>•�¯�W 

NÈ-��µ�J5$ 

C-SPRT 0.960 50.987 

P-SPRT 0.957 45.382 

Mahalanobis-SPRT 0.961 48.457 

M-GLR 0.946 27.139 

M-SCGLR 0.896 16.513 

M-SCSPRT 0.858 12.313 

NÈ-�L$�J5$ 

C-SPRT 0.958 58.903 

P-SPRT 0.958 52.540 

Mahalanobis-SPRT 0.958 53.414 

M-GLR 0.939 30.312 

M-SCGLR 0.897 19.343 

M-SCSPRT 0.851 13.860 

MŽ>•�¯�W 

NÈ-��µ�J5$ 

C-SPRT 0.920 68.485 

P-SPRT 0.928 56.274 

Mahalanobis-SPRT 0.916 52.433 

M-GLR 0.917 39.755 

M-SCGLR 0.902 25.742 

M-SCSPRT 0.856 16.835 

NÈ-�L$�J5$ 

C-SPRT 0.944 65.928 

P-SPRT 0.941 61.900 

Mahalanobis-SPRT 0.933 55.232 

M-GLR 0.935 35.541 

M-SCGLR 0.898 20.446 

M-SCSPRT 0.857 14.111 
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Abstract 

Computerized classification testing (CCT) is a subset of computerized adaptive testing 

(CAT), and it aims to classify examinees into one of at least two possible categories that denote 

results such as pass/fail or non-mastery/partial mastery/mastery (Huebner & Fina, 2015). 

Therefore, CCTs focus on increasing the accuracy of classification which is different from CATs 

designed for precise measurement (Nydick, 2013). The termination rule is one of the key 

components of CCT. However, as pointed out by Nydick (2013), most CCTs (i.e., UCCTs) were 

designed under unidimensional item response theory (IRT), in which the unidimensionality 

assumption is easily violated in practice. Thus, researchers then began to construct 

multidimensional CCT termination rules (i.e., MCCT) based on multidimensional IRT. To date, 

however, these rules still have some deficiencies in terms of classification accuracy or test 

efficiency. 

Most current studies on termination rules of MCCT are based on termination rules of UCCT. 

In UCCTs, termination rules require setting a cut point, 𝜃𝜃0, of the latent trait to calculate the 

statistics; and when they are extended from UCCT to MCCT, the cut point will become a 

classification bound curve or even a surface (i.e., 𝑔𝑔(𝜽𝜽) = 0). At this time, a question is how to 

convert the curve or surface into 𝜃𝜃0. To this end, the projected sequential probability ratio test (P-

SPRT), constrained SPRT (C-SPRT; Nydick, 2013), and multidimensional generalized likelihood 

ratio (M-GLR) were respectively proposed to solve the problem in different ways. Among them, 

P-SPRT and C-SPRT choose specific points on g(θ) as the approximate cut point, 𝜃𝜃�0, by 
projecting into Euclidean space or constraining on g(θ) respectively; as for M-GLR, because the 

generalized likelihood ratio statistic can be calculated without a cut point, it can be directly 

employed in MCCT. To overcome the limitation that P-SPRT may lead to unstable results at the 

beginning of the test, this study proposed the Mahalanobis distance-based SPRT (Mahalanobis-

SPRT). 

In addition, stochastic curtailment is a technique for shortening the test length by predicting 

whether the classification of participants will change as the test continues. This article also 

combined M-GLR with the stochastic curtailment and proposed M-GLR with stochastic 

curtailment (M-SCGLR).  

A full -scale simulation study was conducted to (1) compare both the Mahalanobis-SPRT and 

M-SCGLR with the P-SPRT, C-SPRT, M-GLR, and multidimensional stochastically curtailed 

SPRT (M-SCSPRT) under varying conditions; (2) compare the classification performance of the 

above six termination rules for participants with specific abilities to explore whether there is a 

significant difference in the sensitivity of various rules to classify specific participants. To achieve 

the first research objective, three levels of correlation between dimensions (𝜌𝜌 = 0, 0.5, and 0.8), 

two item bank structures (within-item multidimensionality and between-item 

multidimensionality), and two kinds of classification boundary (compensatory boundary and non-

compensatory boundary) were considered; to achieve the second objective, 36 specific ability 

points (𝜃𝜃1,𝜃𝜃2) were generated where 𝜃𝜃1, 𝜃𝜃2 ∈ {−0.5,−0.3,−0.1, 0.1, 0.3, 0.5}. The results 

showed that: (1) when the compensatory classification function was used, the Mahalanobis-SPRT 
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led to higher classification accuracy and similar test length to the rules without stochastic 

curtailment; (2) under almost all conditions, the M-SCGLR not only possessed higher precision 

but also maintained the short test length, compared to M-SCSPRT that also uses stochastic 

curtailment; (3) the six termination rules showed a consistent change in the sensitivity of the 

precision and test length to specific participants. 

To sum up, two new MCCT termination rules (Mahalanobis-SPRT and M-SCGLR) are put 

forward in this article. Although the simulation results are very promising, several research 

directions merit further investigation, such as the development of MCCT termination rules for 

more than two categories, and the construction of MCCT termination rules by incorporating 

process data like the response time. 
 
Key words computerized classification testing, termination rule, multidimensional item response 
theory, Mahalanobis distance, stochastic curtailment 
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